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Abstract. In this paper we prove the fundamental lemma for Deligne-Lusztig 
functions. Namely, for every Deligne-Lusztig function (f> on a p-adic group G we 
write down an explicit linear combination 0^ of Deligne-Lusztig functions on an 
endoscopic group H such that </> and (f>^ have "matching orbital integrals". In 
particular, we prove a conjecture of Kottwitz [Ko4| . More precisely, we do it under 
some mild restriction on p. 



Introduction 

Let G be a connected reductive group over a local non-archimedean field F of char- 
acteristic zero, and let H be an endoscopic group for G. It follows from a combination 
of results of Langlands-Shelstad |LSlllLS2j . Ngo |Ngo| and Waldspurger [Wa3l IWa5] 



that for every locally compact function with compact support G C^{G{F)) on 
G{F) there exists a function (p^ G C^{H{F)) on H{F) such that 4> and 0^ have 
"matching orbital integrals" . In this case we say that (p^ is an endoscopic transfer 
of 0. 

Despite of the fact that an endoscopic transfer is not unique, we expect that for 
all "interesting" functions one can define explicitly "the best" endoscopic transfer. 

For example, in the case when both G and H are unramified, the famous fun- 
damental lemma (which was conjectured by Langlands and proved recently by Ngo 
Ngo| ) asserts that every spherical function on G{F) has unique spherical endo- 



scopic transfer 0^ on H{F). Moreover, the correspondence t-^ 0^ is an explicit 
algebra homomorphism. 

In his Seattle lecture |Ko4] . Kottwitz suggested a conjectural candidate for (p^ in 
the case when G is split adjoint (hence H is split) and is an unipotent Deligne- 
Lusztig function, that is, is supported on G{0) and is equal to the inflation 
of the character of an unipotent Deligne-Lusztig virtual representation of G{¥g). 
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Namely, Kottwitz conjectured that in this case, is an exphcit hnear combination 
of unipotent Dehgne-Lusztig functions on H{F) supported on H{0). 

In this paper we prove a generahzation of Kottwitz' conjecture under some mild 
restriction on the residual characteristic of F. Namely, we prove it in the case when 
G splits over an unramified extension of F and is an arbitrary Deligne-Lusztig 
function supported on an arbitrary parahoric subgroup. Notice that our assumption 
on the residual characteristic of F is essential for our method, while the assumption 
that G splits over an unramified extension of F was made only to simplify the 
exposition. 

Our proof is based on a theorem of Waldspurger [Wa2t IWa3j asserting that if 
jH ^ C'^iijiQ H{F)) is an endoscopic transfer of / G C^(Lie G{F)), then the Fourier 
transfer J^{f^) is an endoscopic transfer of e^{H, G)J-'{f) for certain sign e^{H, G) 
defined by Weil |We] . Notice that the theorem of Waldspurger is based on the 
fundamental lemma for unit elements. 

Besides of our use of Waldspurger 's theorem (whose proof is global), our argument 
is purely local. Using the topological Jordan decomposition and the reduction for- 
mula of Deligne-Lusztig [DLj . we reduce to the topologically unipotent case. Then 
using quasi- logarithm maps we reduce the problem to the corresponding problem 
about Lie algebras. Finally the assertion follows from a combination of the Springer 
hypothesis about Green functions (see |KVj ). the theorem of Waldspurger described 
above, and the explicit calculation of the sign e^{H, G) in the unramified case. 

Our paper is organized as follows. In Section 1 we recall basic notation and 
results from the theory of endoscopy, while in Section 2 we introduce Deligne-Lusztig 
functions, and formulate our Main Theorem. 

In Sections 3-6 we introduce basic ingredients of the proof. Namely, in Section 3 
we formulate and prove a Lie algebra analog of the Main theorem. Next, in section 
4 we describe the theorem of Waldspurger which was mentioned above and calcu- 
late explicitly the sign e^{G,H). Then, in Section 5 we study quasi- logarithms, 
which were introduced in [KVj . More precisely, we show how every quasi-logarithm 
for a group induces a quasi-logarithm for its endoscopic group and prove that the 
quasi-logarithms preserve the transfer factors. Finally, in Section 6 we study the 
topological Jordan decomposition and prove the reduction formula to the topologi- 
cally unipotent case. 

Section 7 is devoted to the proof of the Main theorem. First we do it in the topo- 
logically unipotent case, using results of Sections 3-5 and the Springer hypothesis 
about Green functions. Then we deduce the general case using results of Section 6. 

In final Section 8 we show the properties of the transfer factors, which were used 
in the previous sections. For this we observe that the transfer factor Ajjj^ vanishes 
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on tamely ramified topologically unipotent elements. To prove this fact we show first 
a compatibility of the local Langlands correspondence for tori with field extensions. 

We thank Labesse, who explained to us how to deduce Lemma 18.1.31 from results 
of [Libj. 

Notation and conventions 

F is always a field, F^^'^ a separably closure of F, F an algebraic closure of F, 
and r = Fj? the absolute Galois group of F. 

In most of the paper (except in 1.1, 5.1 and 6.1), F is a local non-archimedean 
field of characteristic zero, F"*" the maximal unramified extension of F, (9 = Op 
the ring of integers of F, m C (9 the maximal ideal, O"'' the ring of integers of F"*", 
Fg := O jm the residue field of F, and p the characteristic of F^. 

Let G be a connected reductive group over F, G^^ the simply connected covering 
of the derived group of G, Z{G) the center of G, G""^ := G/Z{G) the adjoint group 
of G, Wg the Weyl group of G, and Q the Lie algebra of G. In most of the paper 
(except in 1.1-2.1, 4.1, 5.1, 6.1-6.2 and 8.1-8.2) we assume that G splits over F"'''. 

1. Preliminaries on Endoscopy 
1.1. Endoscopy and stable conjugacy. 

1.1.1. Notation, (a) We denote by G''{F) C G(F) (resp. g^'{F) C ^(F)) the set 
of strongly regular elements of G(F) (resp. ^(F)), that is, elements 7 G G(F) (resp. 
X G Q{F)) such that the centralizer Gy C G (resp. Gx C G) is a torus. 

(b) We set cq '■= Spec F[G]*^ (resp. cg := SpecF[^]'^), where G acts on G (resp. 
Q) by conjugation, and denote by xg : G cg and xg '■ G ^ cg the canonical 
quotient morphisms. 

(c) A splitting of a (quasi-split) group G over F is a triple Splc = {B,T, {xa}a), 
where G D B D T are a Borel subgroup and a maximal torus of G defined over 
F, Xa is a non-zero element of the root space Qa{F'^'^^) for each simple root a of 
{G,B,T) such that the set {xa} C Q{F^^p) is F-invariant. 

1.1.2. Inner twistings. (a) By an inner twisting of G, we mean an isomorphism 
if : G ^ G' over F^^^, where G' is a reductive group over F and for each a G F, the 
automorphism (p~^ o '^ip oi Gp Sep IS inner. 

(b) Two inner twistings : G —>■ G' and ip' : G —>■ G" are called equivalent, 
if there exists an F-isomorphism f : G' ^ G" such that p'^^ o / o is an inner 
automorphism of Gp^^p- 

(c) Each inner twisting p induces isomorphisms cq cc and cg cg', which we 
consider as equalities cq = cc and cg = cg/. 
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(d) Note that there exists unique up to an equivalence inner twisting ip : G ^ G* 
such that G* is quasi-spht. In this case we say that ip is quasi-split. 

(e) We say that an inner twisting is trivial, ii G' = G and if is the identity. 

1.1.3. Stable conjugacy. Let (y9 : G ^ G" be an inner twisting. 

(a) Two embeddings of maximal tori a : T ^ G and a' : T ^ G' (resp. two 
elements 7 G G^''(F) and 7 G G'^'^(F), resp. x E g''{F) and x' G G'^'iF)) are called 
(p-stably conjugate or simple stably conjugate, if there exists (7 G G'{F^^p) such that 
gip{a)g~^ = a' (resp. gip{'y)g~^ = 7', resp. Ad (^((^^(a;)) = x'). Note that this happens 
if and only if xg <=> a = xc <=> a' (resp. xdl) = xdl'), resp. xgi^) = Xg'ix')). 

(b) If if is trivial, then in the situation of (a) we consider an invariant inv(o, a') G 
H\F,T) (resp. inv(7,7') G H\F,G^), resp. inv(x,a;') G H\F,G^)) defined to be 
a class of the cocycle a 1— »• g~^'^g- Notice that this cohomology class is independent 
of a choice of g (compare \Kol\ §3]). 

(c) If ip : G ^ G* is quasi-split, then each a : T ^ G (resp. 7 G C''(F), 
resp. s G ^''''(F)) has a stable conjugate a* : T --^ G* (resp. 7* G {G*Y''{F), resp. 
X G (^*)'''(F)) (use [K^ Cor. 2.2]). 

1.1.4. Langlands dual group. Let G be the complex connected Langlands dual 
group of G. Then there exists a natural action F on G, which is unique up to a 
conjugacy. In particular, there is a canonical F-action on Z{G) (compare |Ko2l 1.5]). 

(a) Each inner twisting ip : G ^ G' gives rise an isomorphism (p : G' —>■ G, 
defined up to a conjugacy, and hence to a canonical F-equivariant isomorphism 

: Z{G') ^ Z{G) (see [K^ 1.8]). 

(b) Each embedding of a maximal torus a : T "-^ G gives rise to a F-invariant 
conjugacy class of embeddings of maximal tori a : T "-^ G. In particular, it gives 
rise to a canonical F-equivariant embedding Z^ '■ Z{G) > T. Moreover, embeddings 
a : T ^ G and 0! : T ^ G are stably conjugate if and only if the corresponding 
embeddings of dual tori T ^ G are conjugate (compare |Ko2l 1.5]). 

(c) Conversely, if G is quasi-split, then every F-invariant conjugacy class of em- 
beddings of maximal tori a : T G comes from an embedding of a maximal torus 
a : T ^ G, unique up to a stable conjugacy (use [Kolj Cor. 2.2]). 

1.1.5. Endoscopic triples, (a) By an endoscopic triple for G we mean a triple 
£ = (if, kq, r^o); where H is a. quasi-split reductive group over F, kq is an element 
of Z{HY , and rjQ is an embedding H ^ G such that rio{H) = (G^qCko))" 
conjugacy class of 770 is F-equivariant (compare [Ko2t 7.4]). The group H is also 
called an endoscopic group for G. 
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(b) We say that two endoscopic triples £ = {H, kq, r/o) and S' = {H', Kq, tiq) for G 
are equivalent, if there exists an F-isomorphism f : H' ^ H such that Zj{hq) = Kq 

(compare 11.1.41 (a)), and rj'^ o f : H G is conjugate to rjQ. 

(c) For each embedding of a maximal torus an '■ T ^ H , we denote by G 
the image of kq under : Z{H)^ ^ (see 11.1.41 (b)). 

(d) For each inner twisting (f : G ^ G' an endoscopic triple S for G gives rise to 
an endoscopic triple S^p := {H,KQ,(p o r/o) for G', whose equivalence class depends 
only on the equivalence class of (p. If (p is quasi-split, we write S* instead of S^. 

1.1.6. £^-stable conjugacy. Let S = {H, no,Vo) be an endoscopic triple for G, and 
let : G ^ G* be a quasi-split inner twisting. 

(a) Each embedding an '■ T ^ H oi a. maximal torus gives rise to a stable 
conjugacy of embeddings of a maximal torus a* : T •—>■ G*. Namely, a* is the stable 
conjugacy class of embeddings T ^ G* such that a* : T ^ G* is conjugate to the 

composition f ^ H ^ G ^ G* (see ITXH (b), (c)). 

In this case, we say that embeddings an and o* are {£,ip)-stably conjugate or 
simply £-stahly conjugate. 

(b) Two embeddings of maximal tori an '■ T ^ H and a : T --^ G are called 
S-stably conjugate, if the exists a stably conjugate a* : T G* of a : T "-^ G, which 
is ^-stably conjugate to an- 

In this situation, we say that o*^^^ = (a, a*, an) is a triple of £^-stably conjugate 
embeddings of maximal tori. 

(c) We say that an endoscopic triple £ for G is consistent, if there exist £^-stably 
conjugate embeddings of maximal tori an '■ T ^ H and a : T ^ G for some torus 
T. In particular, every endoscopic triple for G is consistent, if G is quasi-split (by 
(a)). 

(d) Recall that there exists unique finite morphism i' = i^s '■ ch ^ cq (resp. 
u = : c-}i cg) such that for each maximal torus Th C H and each embedding 
L : Th T d G* , £^-stably conjugate to the inclusion Th ^ H, the following 
diagram is commutative: 



Th — — ^ T 



Xh 



XG 



Ch ^ cg- 

We also have a similar commutative diagram for Lie algebras. 

1.1.7. G-strongly regular elements. Let y9 : G ^ G' be an inner twisting. 
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(a) In the situation of ll.1.51 we say that two elements '-jh £ H^'^{F) and 7 G G^^{F) 
(resp. Xh G T-C^^i^F) and x G Q'^^{F)) are S-stably conjugate, if there exists an 
isomorphism l : H^^^ ^ C G (resp. /, : H^^j C G) which is £^-stably 
conjugate to the inclusion lh : H^^ ^ H (resp. Lh '■ H^^ ^ H) such that 
'-(7^) = 7 (resp. (Il^xh) = x). Note that such an t is automatically unique. 

By 11.1.61 (d), this happens if and only ii u o xh{1h) = Xg{i) (resp. z/ o xni^n) = 

(b) For each £^-stably conjugate elements •jh ^ H^^{F) and 7 G G^^{F) (resp. 
X// G 7i^^{F) and x G ^'^''(F)), we denote by k^,^^ G (resp. Ka;,^^^ ^ G^ ) the 
image of G Z{H)^ under the canonical embedding Z{Hy ^ H^^ ^-^ G^ (resp. 

z(^)r^^'^u'a:^). 

(c) We say that •jh £ H^^{F) (resp. x// G W^{F)) is G-strongly regular and write 
7h G H^-^'\f) (resp. G n^-''{F)), if it has an ^-stable conjugate 7 G (G*)'^''(F) 
(resp. X G (^*)'^''(F)). 

1.2. Transfer factors. 

1.2.1. Extended endoscopic triples. Let Wp C Tp be the Weil group of F, and 
^G := G xi Wp the Langlands dual group of G. 

By an extended endoscopic triple for G we mean a data £^ = {S,ri, SplG*,% ), 
consisting of 

• a consistent endoscopic triple £^ = (if, kq, r/o) for G (see 11.1.61 (c)); 

• an embedding 77 : ^if ^ over WV, whose restriction to H is t]o : H G; 

• a splitting Splc* = {B*,T*, {xa}a) of G* over F; 

• a triple of £^-stable conjugate embeddings of maximal tori : Tq G, 
Oq : To ^ G* and anfl :Tq ^ H for some torus Tq. 

Remark 1.2.2. (a) Note that a splitting S'p/c* always exists, because G* is quasi- 

(3) 

split, and a triple always exists, because £ was assumed to be consistent. 

(b) The embedding 77 does not always exist. However, it exists, if the derived 
group of G is simply connected (see |Lall Prop. 1]), or if both G and H split over 
F"^ (see [13 Lem. 6.1]). 

(c) If G is quasi-split, we always assume that Oq = Oq. For an arbitrary G, we 
denote by £* an extended endoscopic triple {£* , rj, Splc*, (oq, Qq, 0^,0)) for G*. 

1.2.3. Let £ be an extended endoscopic triple for G, and let •jh £ H'^~'^^{F) and 
7 G G'"'(F) (resp. G THP^''^{F) and x G ^''''(F)) be a pair of ^-stable conjugate 
elements. 
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We set T := (resp. T := Gx) and Th := H^^ (resp. Th '■= H^^), denote by 
L the inclusion T G, by lh the canonical isomorphism T C from ll.lTTl 

(a), and let G be as 11.1.51 (c). 

Now we recall the definition of the transfer factors A^(7//,7) (resp. /\^{xH)X)) 
of Langlands-Shelstad ( |LSlj ). which we will sometimes denote simply by A(-, •). 

We fix an embedding i* : T ^ G*, which is stably conjugate to l (use 11.1.31 (c)), 
and set 7* := L*{'y) (resp. x* = dL*{x)). 

1.2.4. a-data. By an a-data for T C G, we mean a collection {ua G F^}aeR{G,T) 
such that and ao-(a) = cr{aa) for all a G R{G,T) and a G F, where 
R{G, T) denotes the set of roots of G relative to T. 

Langlands and Shelstad associated to each a-data {oa} for T a cohomology class 
inv(a) G H^{F,T) (depending on an embedding l* and a splitting Splc* of G*), 
which is equal to the image of X(Tsc) G H^{F,Tsc) in the notation of |LSll (3.2)]. 

1.2.5. x-data. For each a G R{G,T), we denote by C F and F±a C F the 
fields of rationality of a and the set {a, —a}, respectively. In particular, we have 

D and [F„ : F±,] < 2. 

By a x-data for T C G, we mean a collection {xq, : C^}a£ji(^G,T) of 

continuous homomorphisms such that X-a = Xa^y Xo-(o) = Xa ° o-^^ for all a G 
R{G,T) and cr G F, and such that XoIf^ is the quadratic character corresponding 
to the quadratic extension Fa/F±a, if Fq, 7^ F±q. 

Notice that x-data always exist. Moreover, if each quadratic extension Fa/F±a is 
tamely ramified (resp. unramified), we can assume that each Xa is tamely ramified 
(resp. unramified), that is, trivial on 1 + xnF^ (resp. OpJ). In this case, we say that 
the x-data are tamely ramified (resp. unramified). In particular, tamely ramified 
X-data always exist, if p 7^ 2. 

Langlands and Shelstad associated to each x-data {Xa} for T a continuous coho- 
mology class inv(x) G H^(Wf,T), which is denoted by a in |LSlt (3.5)]. 

1.2.6. The invariant. We fix an inner twisting ip : G ^ G' and two triples 
a\ = {ai, a'i, aH,i)', i = 1,2 of £^-stably conjugate embeddings of maximal tori 
a^:Ti^ G, < -.Ti^G' and aH,i -.T.^H. 

We denote by inv(af \ ) = inv^(af\ ) G the invariant {^^^^) defined 
in |KVl 1.5.5] (its definition was motivated by |LSll (4.3)]). This invariant has the 
following properties (see [KVl Lem. 1.5.7 and Lem. 2.4.5]). 

(i) inv(af 02^"*) depends only on the conjugacy classes of the a^'s and the o^'s and 
the stable conjugacy classes of the a.H,i^- 
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(ii) Assume that Ti = T2(= T) and aH,i = cih,2{= cin)- Then ai, a2 '■ T ^ G and 
a[, O2 : T ^ G' are stable conjugate, and we have an equahty 

iiav{af\a^2^) = (inv(a'i, a'a), K„^)(inv(ai, aa), Kas)"\ 
where the pairing is induced by the Tate-Nakayama duahty for tori H^{F,T)^ ^ 

(iii) If (f is trivial, then inv(af'', = (inv(a2, a'a), KaH.2){^^^i'^i^ "^'i)) '^aH,i)~^- 

(iv) (transitivity) Let af^ = (03, a'^, 0^,3) be a third triple of £^-stably conjugate 
embeddings of maximal tori. Then inv(af \ af^) = inv(a['^'', 02'^^) inv(a2'^'', a^^^)- 

(v) Let IT : Gq ^ G he a quasi-isogeny, that is, vr induces an isomorphism of 
adjoint groups tt""' : Gq'^ ^ G"''^. Then ip lifts to an inner twisting ipo : Gq —>■ Gq, S 
lifts to an endoscopic triple Sq for Go, each a- hfts to a triple a-g , and we have an 

equality inv£-„(aS% 4^) = inv£-(af \ 

(vi) Let (s, s', sh) be a triple of ^-stable conjugate semi-simple elements s G G{F), 
s' e G'{F) and sh G i^(i^) such that := is quasi-split, and let af^ = 
(aj,a^,aHi); i = 1,2 be two triples of £^s-stably conjugate embeddings of maximal 
tori ar-T,^ Gl < : T, G'", aH,i : T, H^^^. 

Then triples a- give rise to triples of £^-stably conjugate embeddings of maximal 
tori ai : Ti G° ^ G, a'^ : Ti ^ Gf, ^ G', aH,i : ^ H^^ ^ H, and we have an 

equality inv£:^(af\ 4^^) = inv£-(of\ o^^^). 

1.2.7. Definition of the transfer factors. We fix a-data and X"data fo^' T. 
Langlands and Shelstad defined the transfer factor A(7i^, 7) G (resp. A(7i^, 7) G 
C^) to be the product A = A/A//A///^ A///2 A/y, where 

• Ai^jHyl) (resp. Aj{xh,x)) is the Tate-Nakayama pairing (inv(a),K), where 

K = l^-y,-yu (resp. K = Kx^xh)': 

• Aii{-fH,l) = riaXal^^^r^) (resp. Aii{xh,x) = UaXai^)), where the prod- 
uct is taken over a set of representatives of F-orbits on R{G, T) \ R{H, Th). 

• A///j(7//,7) (resp. Aiij-^{xh,x)) equals inv(ao^\ t'^'^^), there i^^^ is the triple of 
£^-stable conjugate embeddings {l, t*, lh), chosen in ll.2.3[ 

• Aiii^{xh,x) = 1, while Ajjj^^'Jh,'!) equals the Langlands pairing (inv(xQ,), 7), 
whose definition we will recall in l8.1[ 

• A/y(7H,7) = nal"(7) - (resp. Aiv{xh,x) = Ua 1(^(^)1^^^)^ where the 
product is taken over all a G R{G,T) \ R{H,Th). 

Remark 1.2.8. (a) A is independent of a choice of l*, a-data, and x-data. 

(b) The x-data, and hence a choice of 77 is not needed for the transfer factors for 
Lie algebras. In particular, the transfer factors for Lie algebras are always defined. 
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(c) Another choice of a sphtting Splc* resuhs in a multiphcation of A by a non- 
zero constant. In the case of groups, another choice of an embedding rj results in a 
multiphcation of A by a character H{F) ^ C^. 

1.2.9. Properties of the transfer factors, (a) AIjh, i) (resp. A{xh, x)) depends 
only on the stable conjugacy class of •jh (resp. xh) and on the G(F)-conjugacy class 
of 7 (resp. x) (see 11.2.61 (i)). 

(b) For each stable conjugate 7' of 7 (resp. x' of x) we have an equality 

A (7 ^,7') = A(7H ,7)(in v(7,y), (resp. A{xh,x') = A{xH,x){mv{x,x'), k^^^^) 

(see [1X71 (b) and Ol] (ii) , (iv) ) . 

(c) If a^Q^ is replaced by another triple a^'^^ (and S by the corresponding extended 
endoscopic triple), then A^ is multiplied by inv(af af^). 

(d) If G is quasi-split and = ao (compare Remark [1.2.21 (c)), then the transfer 
factor A^ is independent of a^^ (see (c) and 11.2.6] (iii)). Moreover, in this case we 
always assume that l* = l, hence A///^ = 1 (by 11.2. 6[ (iii)). 

(e) For an arbitrary G, we have A^{'yH,'y) = inv(aQ^'', i*^'^))A^*(7j|/, 7*), where S* 
was defined in Remark [1.2.21 (c) (use(d)). 

1.3. Endoscopic transfer. 

1.3.1. Orbital integrals. 

(a) Denote by G^{G{F)) (resp. {Q {F))) the space of complex locally constant 
functions with compact support. For each 7 e G^^{F) (resp. x G Q^^{F)), we denote 
by dg^ (resp. dgx) the Haar measure on G^{F) (resp. Gx{F)) such that the measure 
of the maximal compact subgroup is 1. We also fix a Haar measure dg on G{F). 

(b) For each e C^{G{F)) (resp. G C^{g{F))) and 7 G G''{F) (resp. 
X G Q^^{F)), we denote by 0^(0) (resp. 0^.(0)) the orbital integral 

/ (I>i919'^)-p- (resp. [ (f){Adg{x))-p-] . 

Jg{f)/g^(f) 0.9-1 \ Jg{f)/G:,{f) "'9xJ 

(c) For each (p and 7 (resp. x) as in (b) and every k E G^ (resp. k E G^ ), we 
denote by 0'^{(j)) (resp. 0^(0)) the K-orbital integral 

^(inv(7,7'),K)Oy(0) I resp. ^(inv(x, x'), k)O^'(0) j , 
7' \ x' J 

where the sum runs over a set of representatives of the G(F)-conjugacy classes in 
G{F) (resp. Q{F)), which are stably conjugate to 7 (resp. x). 

In the case k = 1, we usually write O''^ instead of O'^ and call it stable orbital 
integral. 
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(d) We say that G C^{G{F)) (resp. G C^{g{F))) is £-unstable, if for every 
^-stably conjugate pair 7^ G 7 G G'^'iF) (resp. a;^ G x G ^'''(F)), 

we have O;"'"«(0) = (resp. O"^'^^(0) = 0). 

1.3.2. Endoscopic transfer. Fix an extended endoscopic triple S for G and a 
Haar measure dh of H{F). 

(a) For each G G^{G{F)) and 7^^ G H^j^'iF) (resp. G C|°(^(F)) and 

xh G H«-^=-(F)), we denote by 0^(0) (resp. Of^(0)) the sum A^(7h, 7)0^(</') 

(resp. A^(xj^, x)O^(0)), where 7 (resp. x) runs over a set of representatives of 
the G(F)-conjugacy classes in G{F) (resp. Q{F)) which are £^-stably conjugate to 
7/^ (resp. Xh)- 

(b) ByOSKb), we have an equality O^^(0) = A^(7h, 7)0"""^ (0) (resp. Of^(0) = 
A^(a;iy, x)Ox^'''^ (0)) for each £^-stably conjugate 7 G G^'^{F) of 7^^ (resp. a; G ^'^^(F) 
of Xh)- 

(c) We say that 0^ G G^{H{F)) (resp. 0^ G C^°°(7^(F))) is an S-transfer or an 
endoscopic transfer of G C^(G(F)) (resp. G C^(^(F))), if for each element 
7h G H^-'^'iF) (resp. x// G H^-'^'iF)) we have an equality 0^*^(0^) = 0^(0) 
(resp. Of^(0^) = Of^(0)). 

2. Main Theorem 
2.1. Deligne— Lusztig functions. 

2.1.1. Bruhat— Tits building. Let x be a point of the (non- reduced) Bruhat-Tits 
building B{G) of G. 

(a) We denote by G^ C G{F) (resp. C Q) the corresponding parahoric 
subgroup (resp. subalgebra), and by G^+ C G^ (resp. ^;^^+ C Q^) the pro-unipotent 
(resp. pro-nilpotent) radical of G^; (resp. of Q^) (compare [MP] ) . 

(b) We denote by G^ the canonical smooth connected group scheme over O defined 
by Bruhat-Tits (see |BTj or [Land] ), whose generic fiber is G, and G^{0) = G^, 
and let be the special fiber of G^. 

(c) We denote by the maximal reductive quotient {G;^)red = G^/Ru{G^). 
We have canonical identifications L^(¥q) = G^/G;^+ and := LieL^ = 

(see |MP] ) . For every g G G^ and x G Q^, we put g := gG^+ G L^iWg) and 
X := x + G C^{¥q). 

(d) If G = T is an unramified torus, then the group scheme is independent 
of X G B(T) and coincides with the canonical (9-structure of T. We denote by 
T := the corresponding torus over F^. The functor T ^ T defines an equivalence 
of categories between unramified tori over F and tori over F^. 
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2.1.2. Deligne— Lusztig functions. Consider a triple {x,a,6), where x G B{G), 
a : T "-^ is an embedding of a maximal torus, and 6 : T{¥q) is a character. 

We denote by the character of the virtual representation Deligne-Lusztig 
representation -R^^^^^ of L^{¥q) (see |DL] ). and let 0fg G C^{G{F)) be the function 

supported on such that (p^g{g) ■= (pafiid) 9 ^ 

2.2. Formulation of the result. 

2.2.1. The goal of this paper is to find explicitly an endoscopic transfer of Deligne- 
Lusztig functions (p^g. For simplicity, we restrict ourself to the case when G is split 
over F^^, 

To formulate our Main Theorem, we need the following lemma, whose proof will 
be given in l3.1.4[ 

Lemma 2.2.2. Assume that G splits over F"^, let T be an unramified torus over 
F , and T he the corresponding torus over Fg. 

(a) Every embedding of a maximal torus a : T ^ G defines an embedding B{T) >■ 
B{G), which we also denote by a, and an embedding of a maximal torus a : T ^ 
for every x G a{B{T)) C B{G). 

(b) Conversely, for every >c G BiG) and every embedding of a maximal torus 
a : T ^ L^, there exists an embedding of a maximal torus a : T ^ G such that 
X G a{B(T)) and a comes from a as in (a). Moreover, a is unique up to a G^+- 
conjugacy. 

(c) Let X* G B{G*) be a hyperspecial vertex. Then for every embedding of a 
maximal torus a : T "-^ G there exists a stable conjugate a* : T ^ G* of a such that 
K* G a*(i3(T)). Moreover, a* is unique up to a G*^t-conjugacy. 

Notation 2.2.3. (a) Let x G B{G) and x* G B{G*). Embeddings of maximal 
tori a : T "-^ and a* : T ^ L^* are called stably conjugate, if the corresponding 
embeddings a : T ^ G and a* : T "-^ G* from Lemma [2. 2. 21 (b) are stably conjugate. 

(b) We fix a hyperspecial vertex x* G B{G*), set G := L^*, and choose an 
embedding of a maximal torus a* : T ^ G which is stably conjugate to a. Then a* 
is unique up a conjugacy (by Lemma 1!^. 2. 21 (c)). 

2.2.4. The unramified case. Let S = {H,K,Q,r]Q) be an endoscopic triple for G 
such that H is unramified. 

(a) We fix a hyperspecial vertex G B{H), set H := L^h, and normalize Haar 
measures on G{F) and H{F) such that dg{G^) = dh^H^n) = 1. 

(b) We fix an extended endoscopic triple S* = {S,ri, Splc*, Qq ) for G, where 
• the splitting Splc* = {B*, T*, {xa}) defines a splitting of G*^* over O; 
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• the embedding t] : ^ is unramified, that is, t] descends to an embedding 
H X Gal{E/F) •—^ Qyi Gal{E/F) for some finite unramified extension E/F (such 
an embedding always exists by [Hat Lem. 6.1]). 

(c) We choose embeddings of maximal tori a : T G and a* : T "-^ G* corre- 
sponding to a and a* : T ^ G (defined in Notation 12.2.31 (b)) as in Lemma [2.2.21 
(b). Note that a and a* are defined uniquely up to a conjugacy. 

(d) We say that embeddings of maximal tori clh '■ T H and a : T ^ are 
S-stably conjugate, if the corresponding embeddings an '■ T ^ H and a : T ^ G 
from Lemma [2.2.21 (b) are £^-stably conjugate. 

(e) We set 

an 

where 

• the sums runs over a set of representatives of the set of conjugacy classes of 
embeddings an '■ T ^ H of maximal tori, which are £^-stable conjugate to a; 

• an '■ T H is an embedding of a maximal torus, which corresponds to O-h by 
Lemma [2.2.2! (b), a^^'^ is a triple of £^-stably conjugate embeddings (a, a*, an), and 
the invariant inv£:(aQ^'', a^^^) G was defined in 11.2.61 

• (f)^^ Q is the Deligne-Lusztig function on H{F) supported on H^h (see 12.1.21) . 
In particular, we define (p^g to be zero, if there are no embeddings an '■ T ^ H , 

which are £^-stably conjugate to a. 

Now we are ready to formulate our main result. 

Theorem 2.2.5. Assume that G splits over F^^ , p does not divide the order of the 
Weyl group Wq of G, and there exists t E T{¥g) such that da*{t) G Q {^q)- 

(a) If H is ramified, then the function (p^g is S -unstable. 

(b) If H is unramified, then in the notation o f\2.2.J\ function (p^g is an endoscopic 
transfer of (p^Q . 

Remark 2.2.6. (a) Our assumptions holds, if p is greater than the Coxeter number 
of G. 

(b) The assertion should be true without any restriction on p, but our method 
does not work in the general case. 

(c) In the case when G is spht adjoint, x is a hyperspecial vertex and 6 = 1, 
Theorem 12.2.5! was conjectured by Kottwitz ( [Ko4j ). 

3. Lie algebra analog of the Main Theorem 



3.1. Preparations. 
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3.1.1. Notice that since G splits over F"^, its Cartan torus Tq is unramified, hence 
Tg has a natural C-structure Tq^o- We equip cq and cg with the induced O- 
structures cg,o = Wg\Tg,o and cg^o = Wg\'^g,o, denote by cg and cg their special 
fibers. Note that cg (resp. cg) is canonically isomorphic to cl^ (resp. cc^), if x is 
hyperspecial. 

Lemma 3.1.2. (a) For every h G B{G), the Chevalley morphisms xg o,i^d xg extend 
uniquely to morphisms Xg,>c '■ cg,o and Xq,>c '■ cg^o over O and induce 

morphisms Xg '■ ^ o.nd Xg '■ cg over F^. Moreover, Xg ^ (resp. 

Xg,}() coincides with xl^ (resp. Xc^), ^/^ is hyperspecial. 

(h) If >c is hyperspecial, then the maps Xg,x{.0) : G^ cg{0) and Xg,x{.^) '■ 
cg{0) are surjective. 

Proof. We will prove the assertions for xg, while the proof for xg is similar, 
(a) The proof is based on the following assertion. 

Lemma 3.1.3. Let Xq and Yq he two affine schemes over O of finite type, where 
Xo is smooth over O. Then a morphism of generic fibers f : X ^ Y extends 
(uniquely) to a morphism fo '■ Xq — ^ Yq over O if and only if we have an inclusion 
/(X(0"^)) C 

Furthermore, this happens if and only if we have an inclusion f{S) C Y{0"''^) for 
some subset S C X^O'""^) whose reduction S C X{¥g) is Zariski dense. 

Proof. The argument of [Landl Prop. 0.3] works without changes. □ 

Now we return to the proof of Lemma I3.1.2[ Extending scalars to -F"*" and using 
Lemma [3.1.31 it will suffice to show that we have an inclusion xg(G^) C cg{0"'^), 
and that we have an equality XGig) = XG{gh) ^ CG^^q) for every g G and every 
h G G^+. 

Assume first that x is hyperspecial, and choose a maximal F"''-split subtorus 
T C G such that T(C"'-) C G^. Consider the subset S := UgeG.^T(0"^)c/-i C G^. 
Then S = U-g^j;^^(f^^gT{¥q)g~^ is Zariski dense in G^. By the definition of the O"'^- 

structure of ccfwe have xg(^(C"0) ^ cg(C"'')- Hence xg{S) C cg(C"''), because 
Xg is G'^'^-invariant. Then the inclusion Xg(G^) C cg'(0"'^) follows from Lemma 
I3.1.3[ while the equality Xg^q) = XG^gh) G Ccij^q) is clear. 

Next we assume that x is Iwahori, that is, G^ C G{F) is an Iwahori subgroup. 
Choose a hyperspecial x' G B{G) such that G^ C G^/. Then we have an inclusion 
Xg{G^) C xg{G^) C cg{0"'^), and for each g G G^ and h G G^+ we have Xg{9) = 
Xl^XH) and XG{.gh) = Xh^Xgh)- Hence the equality XG{9h)_ = XGig) follows from 
the fact that G^/G^+ C L^{¥g) is a Borel subgroup of L^(Fq), while G:^+/G^i+ C 
L^{¥q) is its unipotent radical. 
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For an arbitrary x, we choose V G B{G) such that C G,^ is an Iwahori 
subgroup. Then G^ = l-igeG^gG^^g^^ and xg is G"'^-invariant. Hence the inclusion 
XciGi^) C cg{0^''') for X follows from that for V, and it is enough to show the 
equality Xg{9) = XGigh) for g e G^ and h G G^+. Since G^+ C Gv+j this follows 
from the corresponding equality for x'. 

(b) We will show a stronger assertion which says that the restriction XgItI^) • 
cg{0), where G^'^^ C G^ denotes the set of regular elements of G^, is 
surjective. Recall that the morphism XgI: • ~^ is smooth, hence by Hensel's 
lemma, it will suffice to show the surjectivity of corresponding morphism X^^i^q) '■ 
U^^{¥q) — > CL^(Fq). However for each c G CL^(Fg), the preimage {x^l^)~^{c) C L™^ 
is a single L^^-conjugacy class, defined over Fg. Thus is a homogeneous 

space over a connected group defined over a finite field Fg. Hence it has an 
Fq-rational point by a version of Lang's theorem. □ 

3.1.4. Proof of Lemma \2.2.^ (a) The existence of the embedding B{T) ^ B{G) is 
standard (see, for example, |DBl 2.2]). Next for each x G o(i3(T)) C the 
embedding a induces an embedding -.To ^ G^ over O, whose special fiber gives 
the embedding a : T ^ G^ — > L^. 

(b) The uniqueness assertion is proven, for example, in [DBt Lem. 2.2.2]. Though 
the existence assertion is proven in the course of the proof of jBTl Prop. 5.1.10] 
(compare [DBl Lem. 2.3.1]), their argument is rather involved, so we give a much 
more elementary argument instead. 

Assume first that T (and hence also G) splits over F. Then there exists an 
embedding b : T ^ G such that x G h{B{T)) C -B(G), and we denote by b : T ^ 
the corresponding embedding over Fg. Now the assertion follows from the fact that 
a and b are L^(Fg)-conjugate and the projection G^ — >• L^(Fg) is surjective. 

Let now T be general. By the proven above, there exists an embedding a over 
some finite unramified extension E of F. Let a G Gal{E/F) be the Frobenius 
element. Then by the uniqueness, there exists g G G^+{Oe) such that "a = g^^ag. 
By a profinite version of Lang's theorem, there exists h in the profinite completion 
G^+(0"^) such that g = h'^^h. Then the conjugate embedding a' := hah ^ : T ■—>■ 
G is defined over F and satisfies a' = a. 

(c) To show the uniqueness of a*, we can assume that G = G* and x* = x. Let 
Oi, 02 : T ^ G be a pair of stably conjugate embeddings such that x G ai{B{T)) fl 
a2{B(T)), and we want to show that Oi and a2 are G^-conjugate. 

By the stable conjugacy of ai and 02 we get that Xg ° cii = Xg ° ^2, thus we have 
an equality Xg,>c°cli = Xg,>c° Ci2 of morphisms Tq — > cg,o over O. Hence we have an 
equality of morphisms of special fibers xl^ o ai = xl^ o a2 : T — > cl^ (use Lemma 
13.1.21 (a)), which implies that ai, 02 : T ^ are stably conjugate. Thus ai and 
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02 are L^(Fg)-conjugate (by Lang's theorem), hence ai and 02 are G^-conjugate by 
(b). 

To show the existence of a*, we assume first that T is spht. In this case, the 
assertion follows from the fact that all split maximal tori in G* are conjugate. To 
deduce the general case, we now argue as in (b). □ 

3.2. Lie algebra analog of the Main Theorem. 

3.2.1. Notation, (a) Denote by Tqq C Tg q be the set of all t which are not fixed 
by any non-trivial w G Wg, set Cq q := WcXTg'^o *^ ^^'^ denote its special fiber 
by eg. 

(b) We say that x G is G-strongly regular and write x G if Xg ^{x) G Cg . 

Lemma 3.2.2. In the notation of \2.2.3\ (h), for each t G T{¥q) we have da{t) G 
C^-^'iFg) if and only z/rfa*(t) G ^'(F^). 

Proof Choose a lift t e T (C) of t G T{¥g) and an embedding a* : T ^ G corre- 
sponding toa* -.T ^G = L^* as in Lemma[222](b). Then dd{t) G C^-'^'iFg) if and 
only if xg{da{t)) G C^iO), while da*{t) G ^'(F^) if and only if xg{da*{t)) G c'^{0). 
Hence the assertion follows from the fact that a and a* are stably conjugate. □ 

3.2.3. Set-up. (a) Fix t G T{¥g) such that da{t) G C^-'^'iFg), denote by H^j C 
C^{¥g) the Ad(L^(Fq))-orbit of da{t), by fi^j C C G{F) the preimage of n^j, 
and let 5^ j and 69^ be the characteristic functions of fi„ j and Q^j, respectively. We 
also fix an embedding a : T ^ G as in Lemma [2.2.21 (b). 

(b) In the situation of l2.2.4[ we consider the function 6^^ := iiiV£-(ao^\ a^^^)(5^ 
where an runs over a set of representatives of the set of conjugacy classes of embed- 
dings O-H : T ^ H , which are £^-stably conjugate to a, and 6^^ j is as in (a). 

Lemma 3.2.4. (a) For an element x G Q^, we have x G Vt-^i if and only if there 
exists an F -isomorphism o^. : T Gx C G such that ax is G^^^- conjugate to a : T 
G, and t := da~^{x) G T(0) is a lift oft. 

(b) For each x G fi^j and g G G{F^'^'p) such that Kdg{x) G Vt-^j, we have g G 

(c) In the situation of \2.2.4\ an element xh G 1-L'^~^'^{F) is S-stably conjugate to 
an element x G fi„ j if and only if there exists an embedding an : T ^ H , S-stably 
conjugate to a, such that xh is stably conjugate to an element ofQ-^j^ j. Moreover, 
the conjugacy class of such an an is uniquely determined by xh ■ 

Proof, (a) The "only if" assertion is clear, so we can assume that x G fi„ j. Replacing 
X by its Gj^-conjugate, we can assume that x = dd(i). Since x G Q^, we have Xg{^) ^ 
cg{0) (by Lemma [3Xl(a)), and xg{x) = Xg,^{x) G c'JiWg), hence Xg{x) G c^J(O). 
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Since the projection xg • '^S^o ~^ o etale, the group scheme becomes 
isomorphic to the unramified torus Tq over some etale covering of O. Thus is 
an unramified torus. 

Since a gives an isomorphism between reductions T G^, it hfts to unique 
isomorphism ax '■ T ^ Gx over O. It remains to show that ax is -conjugate to a. 
Equivalently, it will suffice to show that x is G^^+'Conjugate to an element of da{T) 
or that K e B{Gx) (by Lemma (b)). 

To show that x G B{Gx)-, we can extend scalars to F"*^. As in the proof of Lemma 
13.1.21 (a), one reduces to the case when x is hyperspecial. 

We claim that for any lift t e T{0) of t, we have x G Ad(G^+)(t + mT(C)). 
Consider the morphism fj, : Tq x G^ given by the rule fi(t,g) := Adg{da(t)). 

By Hensel's lemma, it will suffice to show that is smooth at the point (t, 1). But 
this follows from the smoothness of the corresponding morphism JI : T x — > 
over ¥q. 

(b) Set y := Adg{x). By (a), x gives rise to an embedding : T — > G^. C G, 
hence to an embedding a'^ = gaxQ^^ : T ^ Gy d G. We have to show that and 
a'^ are G;^-conjugate. By (a), y gives rise to an embedding : T ^ G^, C G, which 
is G;>^-conjugate of ax- It thus suffices to show that o!^ = ay. 

Notice first that the isomorphisms a'^ : T ^ Gy and O-y : T ^ Gy satisfy da'^(t) = 
dayit) = y. On the other hand, a'^ and ay are stably conjugate, hence there exists 
w G Wg C Aut(Gj^) such that a'^ = w o a^ It follows that w{y) =ye £^~'''(Fg), 
which implies that w = 1, thus a'^ = ay. 

(c) Assume first that xh G H'^'^^^F) is £^-stably conjugate to an element x G Q-^,!- 
Then by (a), there exists an isomorphism axjj ■ T Hx^ C H stably conjugate 
to a : T G such that t := da-l^xu) G T{0) is a lift of t. By Lemma [2X1 (c), 
there exists a stably conjugate embedding au '■ T ^ H such that G aH{B{T)). 
Then the reduction a_H- : T if is an £^-stable conjugate of a, and da{t) G f^a^,* is 
a stable conjugate of xh- 

Conversely, assume that Xh G liP~^^{F) is stably conjugate to an element of some 
^a/fj- Then by (a) there exists unique isomorphism ax^ : T — > Hx^ C H stably 
conjugate to a : T "-^ G such that t := da'^^xn) is a lift of t. Then xh is £^-stably 
conjugate to an element x := da(t) G Q^, which by definition belongs to Q-^j. 

Finally, assume that xh G ^aH,t stably conjugate to yn G fl^^ j for some 
embeddings O-h.^h '■ T ^ H , which are £'-stably conjugate to a, and we want to 
show that O-H and hn are ii'(Fg)-conjugate. 

Let aH,bH -.T ^ H be lifts of an^bn from LemmaEXl (b), and let h G H{F'^p) 
be such that yn = Adh^xn)- By (a), there exist embeddings a^;^ : T ^ Hxj^ C H 
and ayjj : T ^ Hy^^^ C H which are if^n -conjugate to an and bn, respectively. 
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Arguing as in (b), we conclude that ay^^ = ha^^h'^, thus a^,.^ and a^^^ (and hence 
also an and bn) are stably conjugate. It follows that an and bn are //^//-conjugate 
(by Lemma [2.2.21 (c)), thus cin and bn are if(Fg)-conjugate. □ 



Lemma 3.2.5. In the notation of Lemma \3.2.4 (c), assume that Xh G ^-a„,t 
stably conjugate to x E figj. Then we have an equality A^{xh,x) = inv£-(aQ^\ a*^'^^). 

Proof. By Lemma [3.2.4! (a), the centralizer Gx C G is an unramified torus, thus by 
Lemma 12.2.21 (c) we can assume that l* gives an embedding Tq (T^, defined over 
O. Hence we can take the a-data to be defined over (9, in which case inv(a) is a 
cohomology class in H^{F"'^ / F, Gx{0"'^)) = (by a version of Lang's theorem), thus 
Af{xH,x) = 1 (compare |Ha[ Proof of Lem. 7.2]). Next we note that Aji{xh,x) = 

Aiv{xh,x) = 1, because a{x) G for all a. Finally, by Lemma [3.2.4! (a), the 
triple L^^^ is conjugate to a*^^\ therefore A{xh,x) = Ajii-^{xh,x) = inv£:(oo^'', t'-^-*) = 
inv^(af ,a(3)). □ 

The following result is a Lie algebra analog of our Main Theorem (compare |KV[ 
Lem 2.2.9]). 

Proposition 3.2.6. (a) If H is ramified, then 69j is S -unstable. 

(b) If H is unramified then, in the notation of \2.2.4\ function is an endoscopic 
transfer of 69 j. 

Proof, (a) If H is ramified, then for every £^-stably conjugate xh G T-C^'^{F) and 
X G Q^^{F), the torus Gx = Hx^j is a ramified, hence x is not stably conjugate to an 
element of j (by Lemma [3.2.4! (a)), hence Ox'''''" {69j) = 0. 

(b) We want to show that for every xh G 7i'^~^'"(F) we have an equality 



(3.1) 0:U4) = 0L(^-^ 



It follows from Lemma [3231 (c) that both sides of f !3.ip vanish, unless xh is stably 
conjugate to for some embedding an '■ T ^ H, which is ^^-stably conjugate 

to a, and xh is ^-stably conjugate to an element x G From now on we will 

assume that the last conditions are satisfied. 

— r 

By Lemma !3.2.4! (a), (b), for each k e Gx , we have 0^{69-) = Ox{69-) = 1. 
Hence the right hand side of f!3.ip equals A{xh , x)Ox'''''" {S9j) = A{xh,x). 

On the other hand, xh is not stably conjugate to fl^ - for each bn '■ T '—>■ H which 
is not conjugate to an (by the last assertion of Lemma !3 2.4! (c)). Thus it follows from 
Lemma[323l(a),(b) that Of^(5fj) = inv^(aj,'\ a(3))0^*^(5_f^_,) = inv^(aS,'\ a(3)). 
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Now (]3.ip follows from the equality A{xh, x) = inv£:(ao'^\ ci^^^), which was proven 
in Lemma [3.2.5I □ 

4. Endoscopic transfer on Lie algebras and Fourier transform 
4.1. A theorem of Waldspurger. 

4.1.1. Preliminaries on quadratic forms. We fix a non-trivial additive character 
ij -.F ^C". 

(a) Let Q : V X V ^ F he a non-degenerate quadratic form. Then for each 
Haar measure /i on V{F) the composition ip o Q gives rise to a Fourier transform 

= J?-Q,^,^ : C^(y{F)) C^iVi^F)). Moreover, there exists unique Haar measure 
= fJ'Q,tp such thatJFg^^^^ is a unitary operator, and we set J-'g^tp ■= ^Q,1p,^lQ^■ 

(b) Recall that to every non-degenerate quadratic form Q over F, Weil ( [Wej ) 
associated an 8*^^ root of unity 'y^{Q) G C^. Moreover, the map Q ^— ^ l^jiQ) is 
"additive", that is, 7^(Qi ® Q2) = l^{Qi)li}{Q2) and '^^{-Q) = ^i,{Q)~^- In 
particular, 7^((5) = 1, if Q is split (=hyperbohc). 

4.1.2. Endoscopic Lie algebras. Let H be an endoscopic group for G, and let 

Qg '■ Q X Q ^ F he a. non-degenerate G-invariant quadratic form on Q. 

(a) As it shown in |Wa2t VIII.6], Qg gives rise a non-degenerate if-invariant 
quadratic form Qh on TC. Namely, Qg is naturally an element of F[Q]'^ = F[cg], 
and Qh G F[H]^ = -F[c-h] is just a pullback of Qg G F[cg] under the projection 
u : cn cg. 

(b) As in 14.1.11 (a), quadratic forms Qg and Qh give rise to Fourier transforms 

^G = ^ Qcii ^'^'^ = ^ Qh,iP- 

(c) We set e^H^G) := i4Qh)/iAQg)- 

The following theorem of Waldspurger (completed by Ngo) is crucial for our ar- 
gument. 

Theorem 4.1.3. // a function cj)^ G C^{T-C{F)) is an endoscopic transfer of cf) & 
G^{Q{F)), then the function e^{H,G)J^H{4'^) is an endoscopic transfer of the 
Fourier transform J-'g{4>)- 

Proof. In |Wa2] Waldspurger formulated this result as Conjecture 1 (see |Wa2t p. 
91]), and deduces it from another Conjecture 2 (see |Wa2t p. 92-94]). Next the 
Main result of [Wa3j asserts that Conjecture 2 follows from the fundamental lemma 
for Lie algebras over p-adic fields of sufficiently large residual characteristic. Then 
it was shown in |Wa5] that it will suffice to show the fundamental lemma for Lie 
algebras for local fields of sufficiently large positive characteristic. The latter result 
was recently shown by Ngo in [Ngo]. □ 



ON ENDOSCOPIC TRANSFER OF DELIGNE-LUSZTIG FUNCTIONS 



19 



Remark 4.1.4. As indicated above, Waldspurger proved that Theorem 14.1.31 fol- 
lows from the fundamental lemma for unit elements. In this work we prove the 
converse implication: Theorem 14.1.31 implies the fundamental lemma. Note also 
that Waldspurger's proof is global, while our proof is purely local. 

4.2. Calculation of Weil constant. 

Notation 4.2.1. We say that an additive character i/j : F is non- degenerate 

over O, if it induces a non-trivial additive character of F^, that is, ip is non-trivial 
on O, but is trivial on m. 

To apply Theorem 14.1.31 we need to calculate e^{H,G) explicitly. 

Proposition 4.2.2. Assume that p ^ 2, that G and H are split over F"-'^ , and that 
if) and Qg are non- degenerate over O. Then e^{H,G) = (^—iy^F(^')-"^^F{G)^ 

Our proof is based on the following three lemmas, all of which seem to be well 
known to specialists. 

Note that if Q and Q' are two non-degenerate quadratic form over a field F of 
the same rank, then Q' is "form" of Q, thus Q' defines a cohomology class cq'^q G 
H^{F,0{Q)). We denote by det cq/,q G H\F,{±1}) = Hom(r^, {±1}) the image 
of Cq/ Q under the determinant map det : 0{Q) {±1}- 

Lemma 4.2.3. Let Q and Q' be two non-degenerate quadratic forms of the same 
rank over a field F of characteristic different from two, and let d G F^ /{F^Y 
the quotient of discriminants d{Q')/d{Q). 

Then T^j^j dVp is the kernel of det cqi^q -.Tp^ {il}- 

Proof. Note that if Q' is a form of Q corresponding to c G H^{F,0{Q)), then 
the determinant det Q' is the form of the quadratic form det Q corresponding to 
det(c) G H\F, O {det Q)). 

Hence we can replace Q and Q' by their determinants, thus assuming that Q is 
a rank one form Q{x) = ax^ and that Q'{x) = adx"^. In this case, detcqi^q : Tp — >■ 
{±1} is the homomorphism a ^— > a{\fd) / {\fd)., whose kernel is equal to p\^^Y D 

Lemma 4.2.4. Assume that p ^ 1, and let R be a non-degenerate over O quadratic 
form of even rank. Then-f^{R) = 1 if d{R){-iy^^/^ = 1 G and-f^{R) = 

— 1 otherwise. 

Proof. Consider the rank two quadratic form Ro{x) := A''^(2) /p{x), where F^'^^ is the 
unique unramified quadratic extension of F. By direct calculation, one sees that 
d{Ro) 7^ — 1 G F^/{F^y and 7V)(-Ro) = —1 (see, for example, [JLl p. 6]), proving 
the assertion in this case. 
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To prove the general case, recall that each non-degenerate O quadratic form 
R has discriminant d{R) G and Hasse-Witt invariant e{R) = 1 (see 

[Set p. 35]). Since a quadratic form R is uniquely determined by its invariants 
{Yk{R) , d{R) , e{R)) (see, for example, |Sei Thm. 7, p. 39]), there are at most two 
non- isomorphic quadratic forms of the same rank, which are non-degenerate over 
O. In particular, each such even dimensional R is either a split one or is isomorphic 
to a direct sum of a split one and Rq. Since the assertion for the split R is obvious, 
the general case follows. □ 

Corollary 4.2.5. Let Q and Q' he two non- degenerate over O quadratic forms of 
the same rank. Then •y^^Q') / ■y^{Q) = 1 ifd{Q')/d{Q) = 1, and •y^^Q') / ■y.^pi^Q) = —1 
otherwise. 

Proof. By the additivity of 7^ we have y^{Q') /y^{Q) = ItpiQ' ® (— <5))- Hence the 
assertion follows from Lemma and equalities d{Q' ®{-Q)) = {-iy^^d{Q')d{Q) 
andrk(Q'©(-g)) =2rkQ. □ 

Lemma 4.2.6. Let W be a finite dimensional vector space over Q, and let g G 
Autq{W) be an element of finite order. Then detg = (_i)dimVK-dimH/9_ 

Proof. Let C„ C AutqCW) be the finite cyclic group of order n generated by g. We 
want to show that for every finite dimensional representation p : Cn ^ AutQ(V") 
over Q, we have an equality detg = (^—i^dim^-dimy^" _ rjj^g assertion is easy for the 
regular representation Vreg = Q[Cn]- Indeed, in this case, dim Vreg = n, dim V^g = 1, 
while detg = (— l)""-*^. 

By induction on n, we can assume that the assertion holds for each not faith- 
ful representation (p, V) . Thus we can assume that V is faithful and irreducible. 
However, there exists unique (up to an isomorphism) faithful and irreducible repre- 
sentation Vn of Cn- Moreover, Vreg decomposes as a direct sum Vreg — Ki©^', where 
V is a sum of irreducible not faithful representations of Since the assertion holds 
for both Vreg and V, it also holds for l^. □ 

Corollary 4.2.7. LetT be torus over F, which splits over F"''^ . Then the Frobenius 
automorphism Fip G AutX^,(T) satisfies det(Fr^) = (^—i^dimT-^kf t_ 

Proof. Since T splits over a finite unramified extension of F, the element Frj? G 
AutX,(T) C AutQ(X,(T) ®z Q) is of finite order. Since X^{Tf'^ = X^{Tsp), 
where T^p C T is the maximal split subtorus of T, we get that rk^(T) = dimT^p = 
dimQ(X=i,(T) ®i Q)^''-^, so the assertion follows from the lemma. □ 

4.2.8. Proof of Proposition \4.2.^ In the case when H = G*, the assertion is shown 
in |KPt Remark after 2.7.5] (for an arbitrary G). Since e^{H, G) = e^{H, G*)e^{G*, G), 
we can assume that G is quasi-split. 
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Let Tg C Bg C G be a maximal torus and a Borel subgroup of G, both defined 
over F. Since the quadratic form Qg is non-degenerate and G-invariant, it decom- 
poses as the orthogonal sum QgWq ® Qg\u+®u-^ where (resp. U~) is the Lie 
algebra of the unipotent radical of Bg (the opposite Borel subgroup). However, the 
quadratic form Qg\u+®u- is split. Indeed, is an isotropic subspace of ®U~ 
of half- dimension. 

It follows that 7^(Qg) = 1ip{.Qtc)i where we write Qtq instead of QgWq- Simi- 
larly, 'J^^Qh) = 1^{Qth)i where Th is a maximal torus of a Borel subgroup B^ C H 
defined over F. Therefore '^^{Qh) hi^iQc) = lipiQTn) h^iQTo)- 

Let L : Th ^ C G be an embedding, which is £^-stable conjugate to the 
inclusion Th ^ H . By the definition of Qh fl4.L2l (a)) and the commutativity of 
the analog of (11.11) for Lie algebras, the restriction Qt^ = QhWh is isomorphic to 

Qth = QgIth- ^^"^^^ ikpiG) = ikpiTG) and rkpiH) = ikpiTn) = ikpiTH), it will 
therefore remains to show that 

(4.1) l^{Qf„)hAQTa) = (-l)'-'^HT.)-rkHTc). 

Recall that both Tg and Th are maximal tori in G, which are split over F"''. 
Hence there exists g G G{F"'''') such that Th = qTgQ'^ ■ Then ¥ip{g) G Ng(Tg). 
We denote by ^ G Wg the image of Yipig) and by sgn^ G {±1} the image of ^ 
under the sign homomorphism Wg {il}- We are going to show that both sides 
of (14.11) are equal to sgn^. 

Notice first that since Qg is non-degenerate over O, its restriction is non- 
degenerate over O as well. Since the quadratic form Qg is G-invariant, and Ad^f 
induces an ^"''-isomorphism Tg Th, Adg induces an ^"''-isomorphism between 
Qtq and Qf^- Hence Qf^ is non-degenerate over O as well. 

Now it follows from Corollary 14. 2. SI that 'y^p{Qfjj)/'yip{QTa) = 1 if the discriminants 
satisfy d{Qf^)/d{QTa) = 1 G F''/{F'')'^, and 7^(Qf^)/7v;(QTG) = -1 otherwise. 

Observe that the cohomology class cg- ^q^^ G H^(TF,0{QTa)) is represented by 

a cocycle (c^)„ G Zi(Gal(F"7F), 0(Qtg1) such that cpr^ G O(Qtg) C Aut(TG) is 
the image of ^ under the natural embedding Wg ^ Aut(7G). 

Then det Cpr^ = sgn^. Hence it follows from Lemma 14.2.31 that d{Qf^)/d{QTG) = 
1 if sgn^ = 1, and d{Qf^)/d{QTQ) 7^ 1 if sgag = —1. These observations imply 
that 'y^iQfJ/l^iQTc) = 1 if sgn^ = 1, and li^iQfJ/li^iQTa) = -1 if sgn^ = -1, 
which is equivalent to the fact that sgn^ equals the left hand side of (14.11) . 

To show that sgn^ is equal to the right hand side of (14. ip . we consider the natural 
embedding l : Wg ^ Autps^p(T) ^ AutzX^:{T) and notice that sgn^ = dett(^). 
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By definition, L{g) G Autz X^:(Tc) decomposes as 

MTa) ^ X^iTa) ^ X^Th) ^ X^Th) '^-^^ X^Tg). 
Hence sgn^ = det t{g) equals 

det(Fr^^)det(^-iFri.^) = det{FT p, X^Tg))'^ detiFip, X^ifn)). 
By Corollary 14.2.71 the latter expression is equal to 

^_^ykp{TG)-dimTG^_l^dimfH~rkp{fH) ^ (^_iykF{f„)~TkF{Ta) 

proving the assertion. □ 

5. QUASI-LOGARITHM MAPS 

In this section we study quasi-logarithm maps, introduced in \Ky\ 1.8]. 
5.1. Quasi-logarithms for endoscopic groups. 

Definition 5.1.1. Let G be a reductive group over a field F. A quasi-logarithm for 
G is a G'^'^-equivariant morphism ^ : G ^ Q such that $(1) = and the differential 
(i$i : ^ ^ ^ is the identity map. 

Remark 5.1.2. Let $ be a quasi-logarithm for G. 

(a) Since $ is G-equivariant, it induces a morphism [$] : cq ^ cg. 

(b) For each centralizer M := Gs C G of a torus S <Z G, its Lie algebra Ai is 
equal to the centralizer Qs, hence $ induces a quasi-isomorphism '■ M ^ A4 
for M. In particular, this happens in the case when M C G is a Levi subgroup or 
a maximal torus of G. 

Proposition 5.1.3. Let H he an endoscopic group of G. Then for every quasi- 
logarithm $ : G — s> ^ for G there exists unique quasi-logarithm : H Ti for H 
making the following diagram commutative: 

Ch ^ C-H 

(5.1) 

m 

Cg ^ Cg 

Proof. To make the proof more structural, we divide it into steps. 

Step 1. Notice first that we can extend scalars to F*^^. Indeed, the existence 
and the uniqueness of over F'^^p implies that "(^^ = $^ for each a & Tp, thus 
is defined over F. From now on we extend scalars to F^'^^, thus assuming that 
F is separably closed. 
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Step 2. Uniqueness I. We claim that for every maximal torus Th C H there 
exists at most unique quasi-logarithm : Th —>■ Th such that the diagram 



H 



H 



(5.2) 



Cg 



Cg. 



is commutative. 

Indeed, let $i and $2 be two quasi-logarithms — > making the diagram fl5.2l) 
commutative. First we will show that there exists w G Wq such that $2 = w o 

By the commutativity of the Lie algebra version of (11. ip . the composition voxn '■ 
Th ^ Cg decomposes as 7// ^ T — > Wc\T = cg. Hence the field of rational 
functions F{Th) is a Galois extension of F{cg) with the Galois group Wg- Since 
quasi-logarithms $1 and $2 are dominant, they induce embeddings of fields $2 • 
F{Th) "-^ F{Th), extending [$]* : F{cg) > F{cg). Hence there exists w e Wq 
such that $* = $* o w*, thus $2 = ^0 $1. 

Now since both $1 and $2 are quasi-logarithms, the differential dw G Aut(^) has 
to be the identity morphism. It follows that w = 1, thus $1 = $2- 

Step 3. Uniqueness II. Let ^ : H ^ Ti, he any quasi-logarithm such that the 
diagram (15.11) is commutative. Then for every maximal torus Th C H the quasi- 
logarithm := $^|th '■ Th ^ Th (use Remark [5. 1.21 (b)) induces a commutative 
diagram (15. 2p . By Step 2, the restriction ^^\th is unique, hence the uniqueness of 
follows from the fact that the union UTh G H is Zariski dense. 

Step 4. Existence: first reduction. For each maximal torus Th C H, we 
choose an embedding l : Th T C G which is ^-stably conjugate to the inclusion 
Th ^ H, and consider the composition 



<l>^^ : T 



H 



T 



T 



ThCH 



(use Remark r5. 1.21 (b)). Since t is unique up to a G-conjugacy and $ is G-equivariant, 
the constructed morphism is independent of l, so we will denote it simply by 

Since $|r : T — T is a quasi-logarithm for T, is a quasi-logarithm for Th- 
By the construction of we have a commutative diagram 



T 



H 



T 



H 



(5.3) 



Inth 



Adh 



hTnh-^ ^ > Ad hiTn). 
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for each h G H{F). In particular, the morphism : Th — ^ Th is Nh{Th)- 

equivariant. 

We claim that to prove the existence assertion of the proposition it will suffice to 
show the existence of a morphism $^ : H ^ Ti such that ^^\th = each 
maximal torus Th- 

Indeed, since UTh C H is Zariski dense, it follows from (15.31) that such a $^ is 
automatically if'^'^-equivariant. Next, conditions $^(1) = and d^i = Id follow 
from the fact that each is a quasi-logarithm for Th and that the UTh spans 
(and is actually dense in) 7i. Finally, to show the commutativity of (15.11) it suffices 
to show the commutativity of (15.21) . The latter follows from the commutativity of 
(II. ip and its Lie algebra analog. 

Step 5. Rank one case. We claim that for every Levi subgroup Mh (Z H oi 
semisimple rank one, there exists a morphism : Mh — > A^h C 7i such that 

= for each maximal torus Th C Mh- 

To construct , we choose a maximal torus Th C Mh, an embedding t : Th — >■ 
T C G as before, and set M to be the centralizer M := Gi^(^z{Mh)°)- 

Then M is a Levi subgroup of G of semisimple rank one, and t induces an iso- 
morphism lm '- Mh — > M, unique up to a conjugacy. To show it, we have to check 
that L induces a bijection RXl) : R\Mh,Th) ^ R\M,T) on coroots. 

Since Mh is an endoscopic group for M, l induces an injection on coroots R\i) : 
R~{Mh,Th) ^ R\M^T). On the other hand, since Mh <Z H oi semisimple rank 
one, we see that R\Mh,Th) consists of two elements and Z{Mh)^ C Th is of 
codimension one. Hence l{Z{Mh)^) C T is of codimension one, therefore R~{M,T) 
consists of at most two elements. Thus RXt) is a bijection. 

We claim that the composition 

satisfies = for each maximal torus T^ C Mh- For this we have to 

check that for every maximal torus C Mh C H, the embedding Mh — ^ 

M G is £^-stably conjugate to the inclusion Mh H. To show the latter 

assertion, we can replace by its M^^-conjugate Th, in which case the assertion 
follows from the definition of lm- 

Step 6. Existence: second reduction. To show the existence of $^ from 
Step 4, we will show first the existence of a morphism <l>^ : H^^ — > TC such that 
^oWi^ — ^'^"Wg for each Th, where we write T|f instead of H^'^ fl Th- 

Note that the map [h,t] i-^ hth"^ induces an isomorphism [H x T^) /Nh{Th) 
H^'^. Since : Th ^ Th is iVi:/(TH-)-equivariant (by (15.31) ). the morphism {h,t) i— > 
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Ad{h){^{t)) : H X Tg ^ n descends to a morphism $^ : H'' ^ H which by (1531) 
extends each 

It now remains to show that $^ extends to a morphism : H ^ Ti. Indeed, 
such an extension necessarily satisfy that $^|th have equal restrictions to 

T|^, thus ^^\th = because is Zariski dense in Tfj. 

The existence of an extension of to H is obvious when if is a torus, and it 
was shown in Step 5 when H is of semisimple rank one. Hence we can assume that 
the semisimple rank of H is at least two. 

Moreover, since H is smooth, hence normal, it will suffice to show that extends 
to a morphism ^' : H' ^ Ti. for some open subset H' D H^'^ of H such that 
H \ H' G H has codimension two. 

Step 7. Open subset. Denote by T'/j C the set of all t G such that 
there exists at most one root a : Th of H such that a{t) = 1. We set 

c'i, := Wh\T'j!, C Wh\Th = CH, and H" := x^'lc'i,) H if'^^^ C ii'^^^. 

The complement H\H" G H is of codimension two. Indeed, since H \W^^ G H 
is of codimension three, it remains to show that H"^^^ \ H" G H^'^^ is of codimension 
two. However \ C (and hence also ch \ c'^ G ch) is of codimension two, 
so the assertion follows from the fact that Xh\h^''9 '■ H'^^^ —>■ ch is flat. 

We claim that each h G H" lies in a Levi subgroup Mh G H of semisimple rank 
one. Indeed, let h = suhe the Jordan decomposition of h, and set Mh := H^. Since 
h G H", we get that Xh{s) = Xuih) G c'^, hence Mh G H is a Levi subgroup of H 
of semisimple rank < 1. Also h lies in Mh- Indeed, s G (because s is semisimple, 
hence lies in a maximal torus), and u G (because u G Hg and u is unipotent). 

Step 8. Completion of the proof. Consider the compactification P(?i (B F) = 
nuF(n) ofn. since H is smooth, the morphism : H""' ^ H G P(7^©F) extends 
(uniquely) to a morphism $' : if' — P(7^ © F) for some open subset H' D H^"^ of H 
such that H \ H' G H is of codimension at least two. Since the open H" defined in 
Step 7 has a complement of codimension two, we can replace H' by H' fl H", thus 
assuming that H' G H". 

By Step 6, it suffices to show that $'(if') is contained in 7i C P(7i©i^). In other 
words, it suffices to show that for every h G H' G H", we have $'(/i) G H. 

By Step 7, h lies in some Levi subgroup Mh of H of semisimple rank one. By Step 
5, $^|A/^n/f" extends to a morphism : Mh ^ Mh C H G F{n © F). Since 
Mh n ii'^'' C Mh is Zariski dense, we conclude that the restrictions ^^^"ImhCiH' and 
^'Imbdh' coincide. Hence $'(/;,) = ^^'"{h) belongs to H. □ 



5.2. Quasi-logarithms defined over O. Recall that a quasi-logarithm map $ : 
G ^ ^ is said to be defined over O if it extends to a morphism : 
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for some x G B{G) (compare |KVt Lem. 1.8.7]). Recall also that cq and cg have 
natural O-structures (see 13.1.1]) . 

Lemma 5.2.1. A quasi-logarithm ^ : G ^ Q is defined over O if and only if the 
induced morphism [$] : cq ^ Cg is defined over O. 

Proof. For the proof we can extend scalars to F"'', choose a hyperspecial x G B{G), 
and a maximal F"'^-split torus T G G such that T((9"'") C G^{0"^). Then we have 
a commutative diagram 



T ^ T 



(5.4) 



XG 



xg 



Cg ^ Cg, 



whose vertical arrows are finite morphisms over O. It follows that [$] is defined 
over O if and only if $|t is defined over O. Thus we have to check that $ extends 
to a morphism $^ : G_^ if and only if $|t is defined over O. 

As intheproof of Lemma [3lLl(a) we set S := UggG,,(0"'-)^T(0"'')^-i C G^(0"''). 
Thus we have to show that ^{S) C ^^(O"0 if and only if $(T(0"^)) C T(0"^) 
(compare Lemma [3. 1.31) . But this follows from the fact that $ is C'^-equivariant. □ 

Corollary 5.2.2. // a quasi-logarithm ^ : G ^ Q is defined over O and H is 
unramified, then the quasi-logarithm is defined over O as well. 

Proof. Since $ : G ^ ^ is defined over O, we get that [$] : cg cg is defined 
over O. Next both v : Ch ^ Cq and v : Cn Cg are finite (9-morphisms, therefore 
we deduce from the commutativity of (15. ip that [^^] '■ ch ^ c-^ is defined over O. 
Hence : H ^ Ti is defined over O by Lemma 15.2.11 □ 

5.2.3. Notation. Recall that an element u G G{F) is called topologically unipotent, 
if the sequence {M^"}n converges to 1. We denote by G{F)tu C G{F) the set of 
topologically unipotent elements of G{F). 

Remark 5.2.4. When p does not divide the order of Z{G^^), our notion of G{F)tu 
coincides with that of [KVl 1.8.14] (use Lemma [7.1.11 (b) below). In particular, this 
happens when p does not divide the order of Wq- 

Proposition 5.2.5. Assume that a quasi-logarithm ^ : G Q is defined over O. 

(a) For each maximal torus T C G, each root a G X*{T) of G (over F), and each 
t G T(F) n G''iF)tu, we have G 1 + m^. 

(b) Assume thatp does not divide the order of Z(G^^). Then for each S -stably con- 
jugate elements 7^ G H^'^''{F)tu and 7 G G"'(F)t„, we have $^(7//) e 7Y'^"''(F) 
and $(7) G Q^^{F). Moreover, elements $^(7//) and $(7) are S-stably conjugate. 
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(c) If, in addition, p does not divide the order ofWc, then we have an equality 
A(7^,,7) = A($^(7h),$(7)). 

Proof, (a) Extending scalars, we can assume that T is split. To show the assertion, 
we will show that the rational function f{x) := da o $(x)/(q;(x) — 1) on T belongs 
to 0[T] and satisfies /(I) = 1. If so, then f{t) G 1 + m. Indeed, since t e T{0) and 
has reduction i = 1, we get that f{t) G O and that /(t) = /(t) = /(I) = /(I) = 1. 

We set S := (Ker a)*^ and M := Gs- Since the restriction is a quasi- logarithm 
for M (see Remark 15.1.21 (b)), we can replace G by M, thus assuming that G is of 
semisimple rank one and that Ker a = Z{G). 

Consider regular functions g := da o <|>|j. and h{t) := a{t) — 1 on T. Note that 
h vanishes on Ker a = Z{G) C T (since $(Z(G)) C Z{Q) G Ker da) and that 
Ker a C T is a reduced subscheme (since the characteristic of F is different from 
two). Hence the rational function f = h/g is regular. Moreover, since d^i = Id, we 
get dh\i = dg\i{^ 0), hence /(I) = 1. 

Finally, since g,h E 0[T], f = g/h E F[T] and h E Fq[T] is not identically zero, 
we get that f E 0[T]. 

(b) Recall that $ induces a G^'^-equivariant homeomorphism between G{F)tu 
and the set of topologically nilpotent elements of Q{F) (see |KVt Prop 1.8.16] and 
Remark l5.2.4p . In particular, for every 7 G G^^{F)tu we get that G^(^^) = is a 
maximal torus, hence $(7) G Q^'^lF). 

If 'Jh £ H'^~^^{F) is £^-stably conjugate to 7, then z/ o xh{.1h) = Xg{.i)- On the 
other hand, Xgi.^i.1)) = [^] ° Xg{i) by the definition of [$], while 

u o xni^^ilH)) = 1^0 [^"] o XnilH) = [$] o z/ o xnilH) 

by the definition of [^^] and the commutativity of (15.11) . This shows that Xgi^il)) = 
u o Xni^^ (ih)), that is, $^(7^) and $(7) are £^-stably conjugate. 

(c) will be proven in 18.3.31 below. □ 

6. Reduction formula. 
6.1. Centralizers of semisimple elements. 

6.1.1. Stable conjugacy of semisimple elements, (a) In the notation of 11.1. 3[ 
two semisimple elements s E G{F) and s' E G'{F) are called stably conjugate, if 
there exists g E G'{F'^'^p) such that g(p{s)g^^ = s' and the map h 1-^ gif{h)g~^ is 
an inner twisting ifg : G^ ^ . In this case we say that an inner twisting (p^ is 
compatible with ip (compare [KoH §3]). 

(b) Note that semisimple elements s E G{F) and s' E G'{F) are stably conjugate, 
if there exist stably conjugate embeddings of maximal tori a : T "-^ G and a' : 
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T ^ G' and an element t G T{F) such that s = a{t) and s' = a'(t). Indeed, any 
g G G'{F^^P) such that gip{a)g~^ = a' satisfies the property of (a). 

In particular, every semisimple s G G{F) has a stable conjugate s* G G*{F) (by 
[IXl(c)). 

(c) Every semisimple s G G{F) has a stable conjugate s* G G*{F) such that 
((7*)°, is quasi-split (by (b) and [Koll Lem 3.3]). In this case, {G*)% is a quasi-split 
inner form of G^. In such a situation we say that an element s* is quasi-split. 

6.1.2. Endoscopic triples for centralizers. (a) In the notation of ll.l.6[ two 

semisimple elements sh G H{F) and s G G{F) are called S-stably conjugate, if there 
exists a stable conjugate s* G G*{F) of s, a pair of £^-stably conjugate embedding 
of maximal tori an '■ T ^ H and a* : T ^ G*, and an element t G T(F) such that 
Sh = dHit) and s* = a*{t) (compare |LS2| 1.2]). 

(b) In the situation of (a), one can form an endoscopic triple Sg = {{H^^)*, Kg, rjs) 
for (depending on the inner twisting : G^ {G*)^,), where 

• Ks & Z{H^^Y is the image of G under the embedding Oh '■ T ^ H^^ 
(defined up to a conjugacy), dual to an] 

• rjs is an embedding H^^ G° such that the composition T --^ H^^ 

GO ^ (G*j5 is conjugate to a* : f (G*)f.. 

(c) Assume that sh is quasi-split. Then embeddings of maximal tori an '■ T ^ 
H^^ and a : T ^ G° are f^^-stably conjugate if and only if ai^(a^^(s)) = sh 
and the corresponding embeddings of maximal tori <Xh '■ T ^ ^ H and 
a : T G° G are £^-stably conjugate (compare |LS2l 1.4]). 

(d) Assume that in the situation of (a) there exists an embedding of a maximal 
torus a : T ^ G such that a(t) = s. Then s is an £^-stable conjugate of sh (by 

16.1.11 (b)), and we can take rjs in (b) such that the composition T — ^ H^^ G^ 

is conjugate to a : T ^ G°. In particular, the equivalence class of an endoscopic 
triple £s from (b) depends only on an and a. 

Remark 6.1.3. The existence of rjs in 16. 1.21 (b) follows from the fact that embedding 
?7o identifies the set of roots R{H^^,T) = {« G R{H,T) \ a{t) = 1} with a subset of 
i?(G5, f ) = {a G R{G, f) I a{t) = 1}. 

Lemma 6.1.4. Let s G G{F) be a semisimple element, and let u G Gs{F) be such 
that-f:= su G G'^'"(F). Then 

(a) u G {GlT{F) and G« n G, = G^ = G„ n G^. 

(b) Assume that s' G G\F) is a stable conjugate of s, and u' G {G'^,Y^{F) is a 
stable conjugate of u (for some inner twisting G° G'° compatible with if). Then 
7' := s'u' is a stable conjugate of j. 
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(c) Assume that Sh G H{F) is a quasi-split S -stable conjugate of s, and Uh G 
{H^ Y^{F) is an Sg-stable conjugate of u (for some endoscopic triple Eg as in \6.1.^ 
(b)). Then 'Jh '■= shUh is an £- stable conjugate of'-f. 

Proof, (a) Since Gu Ci Gg G G^ and G^ C G is a maximal torus of dimension 
rkG = rkGg, we get that fl Gs C is a maximal torus. Hence u G (G°)^''(F), 
and G« n G^ = G^ = G„ n G°. 

(b) By definition, there exists g E G'^F'^^p) such that gip{s)g~^ = s' and gip{u)g~^ = 
u'. Hence gf{'y)g~^ = 7'- 

(c) By our assumptions, there exists an embedding Lh : G^ ^ H^^ which is Eg- 
stably conjugate to the inclusion G^ ^ G° such that lh{u) = uh- Then Luis) = sh, 
and the composition lh '■ G^ ^ ^ H is £^-stably conjugate to the inclusion 
G^ "-^ G° ^ G (by 16.1.21 (c)). Hence '-)h = i-h{i) is £^-stably conjugate to 7. □ 

6.2. Topological Jordan decomposition. 

6.2.1. Notation. An element 7 G G{F) is called compact, if the closure of the 
cyclic subgroup (7) C G(F) is compact. Recall that for every compact 7 G G(F) 
there exists unique decomposition •y = su = us such that s = 7^ is of finite order 
prime to p, and u = 7„ is topologically unipotent (see, for example, [Kaj . |Walj or 
[Ha]). Moreover, both s and u lie in (7). In particular, s,u E G^ for each 7 G G^^. 

This decomposition is called the topological Jordan decomposition and will be 
sometimes abbreviated as TJD. 

Lemma 6.2.2. Let s G G^ be a semisimple element of finite order prime to p. Then 

(a) the connected centralizer G^ splits over F"''' , x lies in B{G^) = B{GY , and 
the parahoric subgroup (G°)j^ equal G^ fl G°(F). 

(b) If X G B{G) is a hyperspecial vertex, then G^ is quasi-split, and x is a 
hyperspecial vertex of B{G^). Moreover, every stable conjugate s' G G^ of s is 
G ^-conjugate to s. 

Proof, (a) was proven in [KVl Lem 2.3.8], (b) was proven in [Ko3l 7.1]. □ 

Lemma 6.2.3. Let 7 G G'^^{F) be a compact element with TJD 7 = su. 

(a) We have u G {Glf'{F), and G„ n G, = G^ = G„ n G^. 

(b) If '-y' G G'^^{F) (resp. •jh G H'^^^F)) is a stable (resp. an £-stable) conjugate 
of •y, then 7' (resp. •jh) is compact. 

(c) Let 7' G G'{F) be a stable conjugate of 'j with TJD 7' = s'u' . Then s' is a 
stable conjugate of s, ip gives rise to an inner twisting G° — > G^, (defined up to an 
equivalence), and u' G {G'^,Y^{F) is a stable conjugate of u. 

(d) Let 7h G II{F) be an S-stable conjugate of with TJD 7// = shUh- Then 
Sh is an S-stable conjugate of s, £ gives rise to an endoscopic triple £s for G° 
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(defined up to an equivalence), and uh G {H^^Y^{F) is an Ss-stable conjugate of 

(e) Let X* G B{G*) he a hyperspecial vertex. Then there exists an embedding 
L* : ^ G* stably conjugate to the inclusion G^ ^ G such that l{s) G G*^*. 

Proof, (a) follows from Lemma [6.1.41 (a). 

(b) By definition, there exists an isomorphism l : G-y ^ Gy (resp. lh '■ G-y ^ 
H^„) such that t(7) = 7' (resp. Lni'y) = in)- Hence 7' (resp. 7/^) is compact. 

(c) Let g G G'^F'^^p) be such that 7' = gip{'y)g~^. Then by the uniqueness of the 
TJD, we have s' = gip{s)g~^ and u' = gip{u)g~^. Hence the map h 1— >■ gip{h)g~^ 
defines an inner twisting : G^ Gf, and maps u to u'. Moreover, the equivalence 
class of is independent of g. 

(d) By our assumption, there exists an embedding lh '■ G^ ^ H which is £^-stably 
conjugate to the inclusion G^ ^ G and ^.^(7) = Ih- By the uniqueness of the TJD, 
we get lh{s) = sh and lh{u) = uh- Now the assertion follows from remarks 16.1.21 
(c),(d). 

(e) By Lemma [6.2.21 (a), splits over F^^ . Thus there exists an embedding of a 
maximal torus a : T ^ G° such that T is unramified (use for example Lemma [2.2.21 

(b) ). By Lemma [2.2.21 (c), there exists an embedding a* :T ^ G* stably conjugate 
to a : T G° G such that x* G a*{B{T)). Se t s* := a*{a-\s)) G G*^,. Then 
(G*,)° is a quasi-split inner form of G° by Lemma [6.2.21 (b), hence there exists an 
embedding l* : G^ ^ (G**)^ which is stably conjugate to the inclusion G^ ^ 
Then the composition l* : G^ ^ (G**)'^ ^ G* is stably conjugate to the inclusion 
G^ ^ G, and l*{s) = s*. □ 

6.2.4. Extended endoscopic triples for Let x be an element of B{G), 

a : T > an embedding of a maximal torus, s G G>c a semisimple element of 
finite order prime to p, b : T "-^ (-^>«)^ an embedding of a maximal torus such that 
the embedding b : T ^ (L^)^ ^ is conjugate to a. As in Notation 12.2.31 (b). we 
fix a hyperspecial vertex x* G B{G*). 

(a) Let b : T > G° be an embedding of a maximal torus which corresponds to b 
by Lemma [2.2.2l (b). and let b* : T ^ G* be an embedding which is stably conjugate 
to the composition b : T G° G such that x* G b*{B{T)) (use Lemma [2X1 

(c) ). Set s* := b*(b"^(s)) G G*(F). Then s* G G*^, is a stable conjugate of s, 
hence (G**)*^ is a quasi-split inner form of G°, and x* is a hyperspecial vertex of 
B{{G*,f C B{G) (use KTl\ (h) and Lemma [S22](b)). 

(b) Assume that we are in the situation of 12.2.41 Let sh G H^h be a stable 
conjugate of s G G^, and fix a corresponding endoscopic triple £s for G° with 
unramified endoscopic group Hg^ (see 16.1.21 (b) and use Lemma [6.2.21 (b)). 
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When the endoscopic triple Eg is consistent, we fix an extended endoscopic triple 
Eg = {Eg, rjs, Splg, cis ) for G° satisfying assumptions of l2.2.4[ and denote by 0-^^^ the 
corresponding linear combination of Deligne-Lusztig functions. We also note that 
the embedding b* : T ^ (G'*,)°, constructed in (a), coincides with the corresponding 
embedding from 12.27^ (c). 

Remark 6.2.5. If the group G and the embedding a satisfy the assumptions of 
Theorem I2.2.5[ then the group G° and the embedding b as in 16.2.41 satisfy them as 
well. Indeed, since Wqo C Wq, we get p does not divide |PFgo|. Also if da*{t) e 
Ti^g), then db*{t) e ^'(F,) n ^,(F,) C 

The following assertion will be proven in l8.3.4[ 

Proposition 6.2.6. In the notation of\KE^ (b), let'jH e and'j E 

be two compact E-stable conjugate elements with topological Jordan decompositions 

IH = shUh and 'y = su. Then A^{'yH,'j) = inv£-(ao^\ a'^^)A^'{uH,u). 

6.3. Application to orbital integrals. 

Lemma 6.3.1. For each 7 G G^^{F) flG^ with the topological Jordan decomposition 

— r 

^ = su and every k G we have an equality 

(6.1) O,^(0&)= 5^(inv(7,7'),'^) _E ^(^"'(^'))O:,(05), 

where 

• s' runs over a set of representatives of the G ^-equivalence classes, stably conju- 
gate to s, such that there exists a stable conjugate 7' G G^ of 'j with the topological 
Jordan decomposition 7' = s'u' ; 

• b runs over a set of representatives of the conjugacy classes of embeddings 
T ^ (L^)^, such that the composition b : T ^ {L^)*!, ^ is L^(¥q)- conjugate to 
a. 

Remark 6.3.2. It follows from the proof that the contribution of each s' to ( 16.11) 
is independent of a choice of 7'. 

Proof. Since function (p^g is supported on G^ and is G^-conjugation invariant, the 
left hand side of fl6.1l) equals 

where 7' runs over a set of representatives of the G^-conjugacy classes which are 
stably conjugate to 7. 
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Each such 7' is a compact element (by Lemma [6.2.31 (b)), and 7^ is stably con- 
jugate to s (by Lemma [6.2.31 (c)). In other words, the summation in (16. 2p can be 
written in the form '^y, where s' is as in (16.11) . and 7' e runs over a set 
of representatives of the Gj^-conjugacy classes which are stably conjugate to 7 such 
that 7^ = s'. 

Fix s' as in (16. ip . and choose a stable conjugate 7' G of 7 with TJD 7' = s'u'. 
Then the contribution of s' to (16. 2p equals 



(6.3) 



(inv(7,7'), k) V(inv(sV, s'u"), k)- -— 0ge(s'u"), 



where u" G (G° )^ C ^^(F) runs over a set of representatives of the (G^fl G^K-^))" 
conjugacy classes which are stably conjugate to u' G G° (F) (use Lemma [6.2.31 (c) 
and Lemma [6. 1.41 (b)). 

Next we observe that if u'" is a stably conjugate of u" and u'" = gu"g~^ for some 
g G Gs>{F), then G (j'y(F), Indeed, by the assumption, there exists h G G° (F'**^^) 
such that u'" = hu"h~^ = gu"g~^. Then h~^g belongs to Gs'nGu" C G° (by Lemma 
[6231(a)), thus / i G Gg ,(F^"P) n a,(F) = G0,(F). 

Using Lemma 16.2.21 (a) we can therefore assume that in (16.30 u" runs over a set 
of representatives of the (G°) ^-conjugacy classes, which are stably conjugate to 
u'eGliF). 

qO 

On the other hand, O^, (0- ^' ) from the right hand side of (16.11) equals 

where runs over a set of representatives of the (G°,)ji-conjugacy classes which are 
G° -stably conjugate to u'. 

For such a m", we have (inv(M', m"), /t) = (inv(sV, sV), k) and also 

(G" )>< n Gu"{F) = G^n G° (F) n G„.(F) = G^ n G,.,.(F) 

(by Lemma [6.2.21 (a) and Lemma [6.2.31 (a)). Thus to finish the proof it suffices to 
show that for every s' and u" as above, we have an equality 

(6.5) 0g,(.V) = X]^^(r\i'))0gK)- 

b 

Finally, formula (16. 5p is equivalent to the formula (f)^Q{s'u") = ^■^6'(b ^ {s'))4>bei^")j 
proven by Deligne-Lusztig ( |DL[ Thm 4.2]). □ 
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Corollary 6.3.3. In the notation of 6.2.4\ (b), let 'Jh be an element of H^~^'^{F) fl 
H^H. Then we have equalities 

(6.6) O4(0g,)= Y^'^^-'eiaf^af) ^ 



and 



(6.7) 04(0-5)= E i^^^(^o'^'^?^) E i'^'))o:u<Pi;e 

where 

• s' runs over a set of representatives of the G^-conjugacy classes which are E- 
stably conjugate to sh; 

• b runs over a set of representatives of the set of conjugacy classes of embeddings 
T ^ {L>i)^' such that the composition b : T ^ (L^)^, ^ is L ^{F g) -conjugate to 
a; 

• extended endoscopic triples £s' (ii"^ chosen in \6.2.4\ (b). 

Proof. Proof of equality (16. 6^ . First we claim that both sides of ( 16.6P vanish, if 
is not £^-stably conjugate to an element of G^. The vanishing of the left hand 
side follows from the fact that (p^g is supported on G^. Assume that a contribution 
of some s' to the right hand side of (16.61) is non-zero. Then there exists an f^^z-stably 
conjugate u' e {Gg')^ of uh- Hence 7' = s'u' G G^ is an £^-stable conjugate of •jh 
(by Lemma [6.1.41 (c)), contradicting our assumption. 

Thus we can assume that is £^-stably conjugate to an element of 7 G G^ with 
TJD 7 = su. Notice that an element 7' G G>c is stably conjugate to 7 if and only if 
it is £^-stably conjugate to •jh- Hence, by the shown above, only s"s which appear 
in (16.11) might have a non-trivial contribution to the right hand side of (16. 6p . 

On the other hand, it follows from Lemma 16.3.11 and 11.3.21 (b) that the left hand 
side of (16. 6p equals 

J2 A'~(7H, 7) (inv(7, 7'), ^) E (^(^''mO^'i^^), 

s' b 

where k = ^7,7^. Thus we have to show the equality 

A^~(7H,7)(inv(7,7'),'^)O:,(0g') = inv,(ai^\ aj))o!^(0g'), 
which in turn is equivalent to the equality 

A^~(7^.,7)(inv(7,7'),'^) = inveiaf , af)A'^' {uh,u'). 
The latter follows from a combination of 11.2.91 (b) and Proposition 16.2.61 



34 



DAVID KAZHDAN AND YAKOV VARSHAVSKY 



Proof of equality (I6.7p . By the definition of (p^g, tlie left hand side of (16.70 

equals J2aH^^^^^'^^o\'^^^^)O^^H^'^^H,9^^ where an runs over a set of representatives 
of the set of conjugacy classes of embeddings an '■ T --^ H, which are £^-stable 
conjugate to a. Using Lemma [6.2.21 (b) and Lemma [6.3.11 it is equal to 

(6.8) Emv,(af , a(^))^(b^'(^^))O:*j05;p, 

where bn runs over a set of representatives of the set of conjugacy classes of em- 
beddings T ^ H^^ such that the composition bn '■ T ^ H^^ ^ H is £^-stably 
conjugate to a. 

On the other hand, the right hand side of (16. 7p equals 

(6.9) i^^^(^o'\ cig)) J2 E ^(^"'(^')) inv., (ai?, b(^))O:*j05;-), 

s' b bH 

where bn runs over conjugacy classes of embeddings T ^ H^i, which are £^s'-stably 
conjugate to b. Since b (s) = bfj (sh), and 

inv,(af \ a(^)) = inv,(a(^\ af) inv,(aj\ a(^)) = inMaf\af) inv,^, {af , b(^)) 

(use 11.2.6) (iv),(vi)), it remains to show that in (16. Sp and (16. 9p the summation is 
taken over the same set of conjugacy classes. 

By Lemma [2.2.21 one gets that both these sets coincide with the set of conjugacy 
classes of embeddings bn '■ T ^ H^^ such that G bH{B{T)) and the composition 
bff '■ T ^ H^^ ^ if is £^-stably conjugate to a. □ 

7. Proof of the Main Theorem 

7.1. Preparations. 

Lemma 7.1.1. (a) Let it : Gq G be an isogeny of degree prime to p. Then % 
induces a homeomorphism T^{F)tu '■ GQ{F)tu G{F)tu- 

(b) Assume that p does not divide the order of Z{G'^'^). Then for eachu G G{F)tu 
there exists x G B{G) such that u G and the image u G L^{¥q) is unipotent. 

Proof, (a) Since 7T{F)tu open and continuous, it remains to show that it is a bijection. 
First we will show that 7r(F)t„ is injective. Assume that u,u' G Go{F)tu satisfy 
7r{u) = tt{u'). Then the quotient u~^u' is a topologically unipotent element of 
KerTT, hence u~^u' = 1, because Kervr is of order prime to p. 

Now choose any u G G{F)tu- By the injectivity, it will suffice to show the existence 
of Mo G Go{F^'^P)tu such that tt{uo) = u. Since vr is etale over F, there exists 
7o G Gq{F^^'p) such that vr(7o) = u. Since u is compact and Kervr is finite, we get 
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that 7o is compact. Let 70 = sqUq be the TJD of 70. Then 7r('Uo) = u, by the 
uniqueness of the TJD, completing the proof. 

(b) Consider the canonical isogeny tt : Gq := G^'^ x Z{G)^ —>■ G. Since Kervr is a 
subgroup of its degree is prime to p. Hence by (a) we reduce to the case of 

Go- Thus we can assume that the derived group of G is simply connected. In this 
case the assertion is shown in [KVl Cor. 2.3.3 (b)]. □ 

Lemma 7.1.2. Let G be semisimple and simply connected such that p does not 
divide the order ofWc- Then there exists a quasi-logarithm $ : G ^ ^ defined over 
O, and Q admits an invariant pairing (-, ■) non- degenerate over O. 

Proof. Since p does not divide the order of Wg-, the assumptions of [KV^ Lemma 
1.8.12] are satisfied, hence the assertion follows. □ 

The proof of following two lemmas will be given in 18.3.11 and 18.3.21 respectively. 

Lemma 7.1.3. Let it : Gq ^ G be a quasi-isogeny (that is, vr induces an isomor- 
phism of adjoint groups tt""^ : (Gq)"'^ ~^ G"''^), Sq the extended endoscopic triple for 
Gq induced by S (compare \KV\ Lem 1.3.10]j, and tth '■ Hq ^ H the corresponding 
quasi-isogeny of H. 

Then for each pair of So-stably conjugate elements "Jh G H^'^'~^\F) and 7 G 
G^q{F), we have an equality A^°(7//,7) = A^(7r//(7i^), 71(7)). 

Lemma 7.1.4. In the situation of \2.2.4\ let 7// G H^~^''{F) and 7 G be 
S-stably conjugate elements. Then for every z G Z(G)(C) C Z{H){0), we have an 
equality A^{z-fH,z-f) = (7/^,7). 

7.2. The topologically unipotent case. Theorem 12.2.51 asserts that we have an 
equality 

(7.1) O,^^'^"(0&) = O 

for each pair of £'-stably conjugate elements ^ H'-'^^^^F) and 7 G G^^{F), if H 
is ramified, and that we have an equality 

(7.2) O4(0j,) = o4(0g,). 

for each G H'^~^^{F), if H is unramified and the assumptions of 12. 2. 41 are satisfied. 
First we will show these equalities in the case when is topologically unipotent. 

Theorem 7.2.1. Equalities ([y.i[ ) and ( [7.^1 ) hold when ■jh is topologically unipotent. 



Lemma 7.2.2. It will suffice to show the assertion of Theorem 7.2.1 in the case 
when G is semisimple and simply connected. 
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Proof. Again consider the canonical isogeny it : Gq := G^'^ x Z{G)^ G. First we 
claim that Theorem 1 7 . 2 . 1 1 for G follows from that for Go- 
Indeed, the extended endoscopic triple £ for G gives rise to the extended endo- 
scopic triple So for Go (compare |KVi Lem 1.3.10]). Moreover, £q satisfies the as- 
sumptions of 12.2. 4[ if S satisfies them. Also vr induces an homeomorphism ;B(Go) ^ 
B{G), hence x G B{G) gives rise to a point xq G B{Go). Furthermore, vr gives 
rise to an isogeny vr^ : L^; embedding a : T ^ gives rise to an 

embedding Oq : Tq ^ L^p, while character 6 : T{¥q) defines a character 

^o:To(F,)^T(F,)^C\ 

Next the kernel of vr and hence the kernel of the corresponding isogeny tth '■ Hq — *■ 
if is a subgroup of Z(G*'^). Since the order of Z(G*'^) divides the order of Wg, the 
orders of tt and tth are prime to p. Therefore the maps tt{F) : Go{F)tu G{F)tu 
and TrniF) : Ho{F)tu H{F)tu are homeomorphisms (by Lemma [7. 1.11 (a)). 

Notice that for every £^o-stably conjugate elements uh G Hq°^^^ {F)tu and u G 
Q(i^)t«, we have equalities 4>^fi^{u) = (f)^/7r{u)), (^^^^{uh) = (p^/rrniuH)) and 
also A^°{uh, u) = {'71h{uh),t!'{u)) (by Lemma 17. 1.3p . Therefore we have equality 
0:T" i<P-a:i^) = O:;\"i;f'""'(0&) m the ramified case, and equalities O:*^(0^«,J = 
Of,(.,)(0?,), Ot%{4^) = O5^(„^)(0g,) in the unramified^case. 

We see that Theorem 1 7. 2 . 1 1 for S follows from that for Sq. Hence we can assume 
that G = G'^'^ X S for some torus S. Then using similar (but easier) arguments and 
Lemma [?.1.4[ we reduce the assertion to the corresponding endoscopic tuple S^'^ over 
G^^. □ 



Our proof is based on the following assertion conjectured by Springer, which was 
deduced in |KVt Thm A.l] from results of Lusztig ( |Luj ) and Springer (|Sp|). 

Theorem 7.2.3. Let L be a reductive group over a finite fieldWg, ^ : L ^ C a quasi- 
logarithm, (-, ■) a non- degenerate invariant pairing on C, T C L a maximal torus, 9 
a character ofTiWq), -ip a character of¥g, andt an element ofT(¥g) fl C^^{¥g). 

Denote by 6t the characteristic function of the Ad L{¥q)-orbit of t, by J-'{St) its 
Fourier transform. Then for every unipotent u G L{¥q), we have an equality 

TlE?r{u) = (-l)'^HW--kF,mg-|dim(L/T)^(^^)(^(^)^^ 

7.2.4. Proof of Theorem \7.2.1\ By Lemma [7.2.21 we can assume that G is semisim- 
ple and simply connected. Then by Lemma [7.1.21 there exists an invariant pairing 
(-, ■) on ^, which is non-degenerate over O, and a quasi- logarithm $ : G — > ^ defined 
over O. Let ip be an additive character F — > which is non-degenerate over O. 



ON ENDOSCOPIC TRANSFER OF DELIGNE-LUSZTIG FUNCTIONS 



37 



This data define an invariant pairing on which is non-degenerate over Fg, 
a quasi-logarithm : — > (see |KVt Lem 1.8.7 (b)]), and a non-trivial 
additive character t/^ : Fg — C^. By our assumption, there exists t G T^qj such 
that (ia(t) G £^~'^'^(Fq) (use Lemma I3.2.2p . Then using the compatibility of the 
Fourier transforms over F and over Fg one deduces from Theorem 17.2.31 (copying 
the arguments of [KVl Lem 2.2.11] word-by-word) that for each u G G{F)tu, we 
have an equality 

(7.3) = (-l)'-'^-.(^>')-^-.(^)^(4(<|.(n)). 

Also \et^^:H^n be the quasi-logarithm induced by $ (see Proposition 15.1.31) . 

Assume first that H is ramified. Then for every pair of ^-stably conjugate el- 
ements uh e H^''{F)tn and u G G'''{F)tu, the elements ^^{uh) e W{F) and 
$(u) G G^^{F) are £^-stably conjugate (by Proposition 15.2.51 (b)) and we have an 
equality 

(7.4) or'""(0g,) = (-i)'-'^-«(^-)-^'^-«(^)o;*;j^'*"^"-'(^(5-5)). 

By Proposition 13.2.61 (a), function ^{59-^ is £^-unstable. Hence by |Wa4j the Fourier 
transform ^{59-^ is £^-unstable, thus the right hand side of (17. 4p vanishes. Therefore 
the left hand side of (17.41) vanishes as well. 

Assume now that H is unramified and £ satisfies the assumption of 12.2. 4[ Then 
it follows from Proposition 15.2.5] (b),(c) that for every uh G H{F)tu we have an 
equality 

By Corollary 15.2.21 $^ is defined over O. Then equality (17.31) for H implies that 
(7.6) 0^(0-^,) = (-l)^'^^^(^)-^'^^'(^)OJ*.(„^)(^(5-5)). 

From this the unramified case of Theorem 17.2.11 follows. Indeed, by Proposition 
13.2.61 (b), is an endoscopic transfer of 59-^. Hence by Theorem 14.1.31 and Propo- 
sition 1122] we conclude that {-If^^^^^-'^^^^^ J^{5^j) is an endoscopic transfer of 
T{59j). Since ik^^i^L^) = Tkp{G) and ik^^^H) = rk^(iJ), our assertion follows from 
a combination of equalities (17.50 and (17. 6p . □ 

7.3. The general case. Now we are ready to prove Theorem 12.2.51 in general. 

7.3.1. Proof of (a). Recall that we have to show equality (17. ip for each pair of 
stably conjugate elements £ H'^~^^{F) and 7 G G^^{F). Since is supported 
on G^, we may assume that 7 G G^. 
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Let 7 = SM be the TJD of 7. Then by Lemma I6.3.H we have to show that 
^v/ '^" i'Plg) — each, stable conjugate 7' G of 7 with TJD 7' = s'u'. 

Since 7 is compact, the element •yn is compact (see Lemma [6.2.31 (b)), and we 
denote by = shUh the TJD of •jh- Then s' and sh are ^-stable conjugate (by 
Lemma [6.2.31 (d)), so we can form an endoscopic triple Sg' for G^, with endoscopic 
group (i^°^)* (see 16.1.21 (b)) . Choose a stable conjugate G {H^^)*{F) of G 
(H^^y^^F). Then k^,^^ = i^u',u*g, so we have to show that 

Since H is ramified, we get that H^^ is ramified. Since {H^^)* is isomorphic to 
over F"'' (see for example |Land| Prop. 10.1]), we get that {H^^)* is ramified 

as well. Since u' is topologically unipotent, the equality O^," '"'^ (0-g ^ ) = follows 
from Remark 16.2.51 and the ramified case of Theorem 17.2.11 for the group Gs' ■ 

7.3.2. Proof of (b). Recall that we have to show equality (17. 2p for each ■jh G 
H'^~^'^{F). Assume first that 'Jh is not stably conjugate to an element of H^h. 
Then Xh{1h) ^ ch{0) (by Lemma [3.1.21 (b)), hence z/ o xh{1h) ^ cg(C) (because 
1/ : Cii" —> cg is a finite morphism over O). Since Xg{G^) C cg{0) (by Lemma [3.1.21 
(a)), we conclude that •jh is not £^-stably conjugate to an element of G^. Since (p^g 
is supported on G^, while (p^g is supported on H^h , we conclude that both sides of 
(O vanish. 

By the proven above, we can assume that jh is stably conjugate to an element 
of H^H. Since both sides of (17.21) only depend on the stable conjugacy class of 
7/f, we can assume that •jh ^ H^h. Let 'Jh = shUh be the TJD of 7//. Then 

by Corollary 16.3.31 it will suffice to show that O**^ (0- ) = Ou^ (0-g ) for each 
£^-stable conjugate element s' G G^ of sh and every embedding b : T ^ (-^j<)^') 
whose composition b : T ^ (-^><)5' ^ is Lj;(Fq)-conjugate to a. 

Since uh is topologically unipotent, the assertion follows from 16.2?^ (b). Remark 
16.2.51 and the unramified case of Theorem 17.2.11 for Gs' ■ 

8. Properties of the transfer factors 

In this section we will prove properties of the transfer factors, which were used in 
the previous sections. 

8.1. Local Langlands correspondence for tori. 

8.1.1. Langlands pairing. It was shown by Langlands [La2] (compare also [Lab] ) 
that for every torus T over F there exists a functorial reciprocity isomorphism 
'^T,F '■ HI{Wf,T) ^ IIomc(T(F), C^), where on both sides -c means continuous. In 
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particular, there is a canonical pairing 

{;■)■■ HliWF,f)xTiF)-^C\ 

The goal of this subsection is to show the following result. 

Proposition 8.1.2. Assume that T is a tamely ramified (resp. unramified) torus 
over F, and that c G HI{Wf, T) is a tamely ramified (resp. unramified) cohomology 
class, that is, the restriction of c to the wild inertia subgroup Ip^^'^ C Wp (resp. 
inertia subgroup Ip C Wp ) is trivial. 

Then for each t G T{F)tu (resp. t G T{0)) we have {c,t) = 1. 

We start with a preliminary result of independent interest which seem to be known 
to specialists. 

Lemma 8.1.3. For every finite extension F'/F the following diagram is commuta- 
tive. 



HliWp^T) —mZlU Hl{Wp.,T) 



U) 



'fiT,F' 



Np,/p 



Homc(T(F),C^) — Hom,(T(F'),C^) 
Proof. The proof is based on the following well-known assertion 

Lemma 8.1.4. Let A be a group, B G A a normal subgroup of finite index, and M 
an A-module. Then for every i eN, 

(a) the homology group Hi{B,M) is naturally an A/B-module; 

(b) the composition Hi{B,M) Hi{A,M) Hi{B,M) is the norm map 
Na/b : X ^ EaeA/B«(^)- 

Proof. The assertion for the general i follows from that for i = 0, in which case the 
assertion follows from definitions. □ 

Now we come back to the proof of Lemma fS.l.SI We start from recalling Langlands 
construction of the isomorphism ipT,F (compare [KSj p. 126]). 

For every splitting field K D F of T, we denote by (pr.K the composition 

H,{Wk,X,{T)) = H,{Wk,Z)(^MT) = {WKr%zX.{T) ^ irx®zX(T) = T{K), 

induced by the isomorphism (Wk)"'^ ^ of the class field theory. 

Langlands showed that there exists unique isomorphism of topological groups 
0T,F : HiiWp^X^T)) ^ T{F) such that for each splitting field KDFofT, the 
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composition HiiWp, X^:{T)) T{F) > T{K) decomposes as 
(8.2) H^{Wf,X,{T)) """'^"^ H^{Wk,X,.{T)) ^ T{K). 



Since is an injective Z-module, the topological isomorphism (j)T,F induces an 
isomorphism v?t,f between 

HHWf^T) = if,i(iy^,Hom(X,(T),e)) = Hom,(i7i(IV^,X,(T)),C^) 

and Hom,(T(F),C^). 

By the definition of v^t.f, the commutativity of (18.11) is implied by the commuta- 
tivity of the right square of the diagram 

H,iWF',X,iT)) < ^-^ H^iWF,X,iT)) < H^iWF',X,iT)) 



i.3) 4>. 



T,F' 



Pt,f 



T[F') T{F) '^^''^ T{F'). 

We claim that the left square of (18. 3p is commutative. Indeed, for each splitting 
field K ^ F' oi T, both compositions Hi{Wf,X,{T)) T{F') ^ T{K) coincide 
with (18. 2p . It follows that the commutativity of the right square of (18. 3p is equivalent 
to the commutativity of the exterior square of (18. 3p . 

Note that the map 0t,x is Gal(i^'/F)-equivariant (compare Lemma 18.1.41 (a)), 
hence the map 0t,f' is Gal(F'/F)-equivariant. Therefore the commutativity of the 
exterior square of (18. 3p follows from Lemma [8. 1.41 (b). □ 

Lemma 8.1.5. Let T he a tamely ramified (resp. unramified) torus over F , and let 
F'/F he a finite tamely ramified (resp. unramified) extension. Then the norm map 
Np'/F ■■ T{F')tu T{F)tu (resp. Np'/F ■ T{Of') T{0)) is surjective. 

Proof. Assume first that T and F'/F are unramified, and let S := Rf'/fT be the 
Weil restriction of scalars of T. Then T and S are smooth tori over (9, the norm 
map Nf'/f is a surjective homomorphism S ^ T over O, whose kernel Ker Nf'/f is 
again a smooth torus over O. In particular, Npijp is smooth. Then the surjectivity 
of Nf'/f '■ S{F)tu — > T{F)tu follows from Hensel's lemma, while the surjectivity 
of Nf'/f '■ S{0) — * T{0) follows from a combination of Hensel's lemma and the 
surjectivity of Nf'/f '■ S(¥q) — > T(¥q) (Lang's theorem). This completes the proof 
in the unramified case. 

Notice next that for each integer n prime to p the map t t"- induces a home- 
omorphism mn{F) : T[F)tu — ^ T[F)tu- Indeed, this follows from classical Hensel's 
lemma if T splits over F, and it follows from the assertion for mn{K), where K D F 
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is the splitting field of T, in the general case. In particular, we get the surjectivity 
of Npi/p : T{F')tu T{F)tu, if the degree [F' : F] is prime to p. 

Assume now that T and F'/F are tamely ramified. Enlarging F', we may assume 
that T splits over F'. Choose the intermediate field F (Z F" G F' such that 
F"/F is unramified, and F'/F" is totally ramified. Then the degree [F' : F"] is 
prime to p. Hence, by the proven above, both Nf"/f '■ T{F")tu — * T{F)tu and 
'IF" '■ T{F')tu — ^ T{F")tu are surjective. Therefore their composition Np^ip : 
T{F')tu — * T{F)tu is surjective as well. □ 

8.1.6. Proof of Proposition \8.1.^ Let F' D Fhe the splitting field of T. By Lemma 
18X51 there exists t' e T{F')tu (resp. t' e T{Op>)) such that t = Np>/p{t'). Then it 
follows from Lemma [8.1.31 that (c, t) = (-Resvy^/vK^, (c), t'). Extending scalars to F' 
and replacing c by Reswp/Wp, (c) and t by t', we can assume that T splits over F. 
Hence we reduce to the case T = Gm- 

In this case, <fT,F ■ Hl{Wp,C'') = Hom,((V^^)'^^ C^) ^ Home(F^C^) is in- 
duced by the isomorphism of the class field theory, so our assertion is well known. □ 

8.2. Transfer factors for tamely ramified topologically unipotent elements. 

The following simple observation is crucial for our work. 

Lemma 8.2.1. Ifrj, T and x-data are tamely ramified (resp. unramified) , then the 
cohomology class inv(x) G Hl{Wp,T) is tamely ramified (resp. unramified) as well. 

Proof. In this proof we will freely use notations of |LSlj . 

Recall (see |LSll (2.6)]) that the x-data {Xa} give rise to embeddings rjp^x '■ ^-^ ^ 
and rjp^^ : ^ over Wp and that inv(x) G H^{Wp,T) is the cohomology 
class of the continuous cocycle G Z^{Wp,T) such that rj o rip^^{w) = aw'riT,x{'w) 
for all weWpC^T (compare [LSH (3.5)]). 

Thus it suffices to show that for each w G J^*''^ (resp. w G Ip) we have r]T,x{'^) = 
w G Wp C and Tjp^^w) = w E Wp C ^H. In other words, it will suffice to 

show that each element rp{w)n{ujT{(j)) G T from \LS1\ (2.6)] equals one. Since T 
is tamely ramified (resp. unramified), we get that a = 1, hence u!t{<j) = 1, thus 
n(c(jT((T)) = 1. Hence it remains to show that rp{w) = 1. 

In the notation of [LSH (2.5)], it will suffice to show that each Xa{vo{ui{w))) = 1 
(except that in [LSI] notation A is used instead of a). Since Xa is tamely ramified 
(resp. unramified), it will suffice to check that each vo{ui{w)) belongs to Ip^'"'^ (resp. 
Ip). However, J^*'*^ (resp. Ip) is contained in Wp^ and is a normal subgroup of Wp. 
Therefore vo{ui{w)) is equal to VQ^{u~^wUi)vo, hence it lies in J™'"^ (resp. Ip). □ 

Corollary 8.2.2. Assume thatp does not divide the order ofWc and that the group 
G and the x-data are tamely ramified. Then for every pair of S-stably conjugate 
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topologically unipotent elements 'Jh £ H^^{F) and •j G G^^{F), we have an equality 

Proof. The assumptions imply that the torus T is tamely ramified. Hence the co- 
homology class inv(x) is tamely ramified (by Lemma [8. 2. 11) . so the assertion follows 
from Proposition 18 . 1 .21 □ 

8.3. Proofs. 

8.3.1. Proof of Lemma \7.1.3\ Each embedding l*, a-data and x-data for G'7r(7) nat- 
urally define the corresponding data for ((^0)7; and we claim that we have an equality 

Afo(7H,7) = Af(7r/f(7//),7r(7)) for each ^ e {IJIJIhJIhJV}. The assertion 
for A/, A// and A/y obvious, because vr'*'^ is an isomorphism, the assertion for A///^ 
follows from 11.2.61 (v) , while the assertion for A/^/j follows from the functoriality of 
the reciprocity isomorphism ipT,F- D 

8.3.2. Proof of Lemma \7.1.4\ By |LS2l Lem 3. 5. A], there exists a character A : 
Z{G){F) such that an equality ^{z'~^h, z'~^) = A(2;)A(7//, 7) holds for all 
pairs of £-stably conjugate elements •jh £ H'^~^^{F) and 7 G G^^{F) and all 
z e Z{G){F) C Z{H){F). We have to show that X{z) = 1. 

Since H is unramified, we can choose jh ^ H^'^{F) and 7 G G^'^lF) such that 
H^^ = G^ is an unramified torus, and take the x-data to be unramified. We claim 
that A^^^Z'Jh, Z'y) = A^{jH,'y) for all -k G {I, II, IIIi, III2, IV}. The assertion 
for A/, A//, A///j and Ajy is obvious (for every 'Jh), because z is central. Next 
^iihi^lH^l^) / ^iihi^H^^) = (inv(x),z), which is one by Proposition 18.1.21 □ 

8.3.3. Proof of Proposition \5. 2. 5\ (c). Since G'$(^) = G^, we can use the same em- 
bedding i* and the same a-data and x-data in the definition of the transfer factors. 
Furthermore, since p ^ 2, we can assume that the x-data are tamely ramified. Since 
7 is topologically unipotent, we conclude by Corollary 18.2.21 that A///^ (7/^,7) = 1. 
Thus it will suffice to show the equality A^(7i^,7) = Av,($^(7h), $(7)) for each 

^e{l,ll,llh,lV}. 

Since G'<i.(^) = G^ and II^h(^^^-j = H^^, the equality for A/'s and A/jt-j's follow. 
Next we observe that 

1 /2 

A,y($^(7/.),<f(7))/A7y(7H,7) = n ^^^^ , 

q; 7 — 1 

and 

A,,($^(7h),$(7))/A//(7h,7) = (^^^) > 

where the products are taken over certain roots of G which are not roots of H. 
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However we have seen in Proposition 15 . 2 . 51 (a) that each '^^^^^^^ belongs to l+trii;'^. 

It follows that for each a we have l^^^^^l = 1 and = 1 (since Xa is 

tamely ramified). □ 

8.3.4. Proof of Proposition \6.2M By Lemma 16.2.31 (e), one can assume that the 
embedding l* : T ^ G* satisfies s* := t*{s) G G^.. Then (G*.)" is quasi-split (by 
Lemma (b)), so one can assume that (G°)* = (G*,)° ^ G*. 

By the observation of 11.2.91 (e). we have A^{^h,i) = ^'^^si'^o'K i^'^^"')^^* {1h,1*) 
and similarly A^={uh-,u) = inv^:^ (ai^'', i(^))A^^ {uh,u*). Hence by 11.2.61 (iv).(vi). it is 
enough to show that A^* (jh,!*) = ^^H'^h,u*). 

Replacing G by G*, £^ by £* and 7 by 7*, we can assume that G is quasi-split and 
that X is hyperspecial. Then using Lemma 17.1.41 it remains to show the equality 

(8.4) A^(7^,,7) = A^=(7^,7). 

Using |LS2l Thm 1.6. A] and arguing as in |Hal Lem 8.1], we see that the equality 
A^(7^,7') = A^''(7^,7') holds for each 7' G T{F) sufficiently close to s (and 7^ = 
i^niY))- In particular, it holds for some 7' G T{F) such that •y'/s is topologically 
unipotent and 7/7' G G^^{F). It remains to show the equality 

(8.5) A%^,,7)M7^,7') = A^~=(7^.,7)/A^~^(7h,7')- 

We choose the x-data for G^ C G to be tamely ramified and the X"data for 
G^ C G° to be the restrictions of those for G^ C G. It will suffice to show that (18.51) 
holds when A is replaces by each A^, where * G {/, //, III2, IV} (see 11.2.91 (d)). 

First we claim that for factors A/ and Ajjj^ both sides of (18.51) equal one. 
Indeed, the assertion for the A/'s follows from equalities G^ = Gy = T and 

H^^ = Hy^ = Th. Next for the Am^'s ([83]) has the form Af^^^ (7^/7^, 7/7') = 

^^ni2^'~^H hnil h')- Since 7/7' = u/{'y/s) is topologically unipotent, both sides 
equal one by Corollary 18.2.21 

Next the quotients LHS/RHS of (18.51) for A// and Ajy are equal to 



n-(|^)andn 



"(7) - 1 



a(7') - 1 



1/2 



respectively, where the products are taken over certain roots of R{G, T) \ R{Gs, T). 
However for each a G -R(G, T) \ R{Gs, T), we have , ^^^^J'l G 1 + xnp^, hence 

a{Y)~-i ^ ^ + ^Fc- Since each Xa is tamely ramified, we get that Xa ^ ) ~ ■'■ 

I Q(7)-1 I 
la(7')-ll 



and|4^l = l. □ 
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